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component. 
CDP 
Frictional damping coefficient.  Cf 
Friction coefficient in the normal direction. CN 
Friction coefficient in the tangential direction. CT 
Coefficients of the equations of motion in the axial 
direction which represent the linear damping terms, 
where i=1, 2…6. 
u
iC 
Coefficients of the equations of motion in the lateral 
direction in X-Y plane, which represent the linear 
damping terms, where i=1, 2…6. 
v
iC 
Coefficients of the equations of motion in the lateral 
direction in X-Z plane, which represent the linear 
damping terms, where i=1, 2…6. 
w
iC 
The dimensionless form- drag coefficient due to the 
normal component. 
cd 





Dimensionless friction coefficient in the tangential 
direction. 
cT 
Inner diameter of the outer cylinder, m. Dch 
The hydraulic diameter of the outer cylinder, m. Dh 
Outer diameter of the pipe, m. Do 
Inner diameter of the pipe, m. Di 
Coefficients of the equations of motion in the lateral 
direction in X-Y plane, corresponding to the 
extensible condition and associated with the 




Coefficients of the equations of motion in the lateral 
direction in X-Z plane, corresponding to the 
extensible condition and associated with the 




Modulus of elasticity, N/m2. E 
Average wall roughness height. e  
Error function. E  
Coefficients of the equations of motion in the lateral 
direction in X-Y plane, corresponding to the 
extensible condition and associated with the 
quadratic nonlinearity terms, where i=1, 2… 20. 
v
iE  
Coefficients of the equations of motion in the lateral 
direction in X-Z plane, corresponding to extensible 
condition and associated with the quadratic 
nonlinearity terms, where i=1, 2… 20. 
w
iE  
The inviscid hydrodynamic force, N. FA 
Effective forces, N. Feff 
Hydrostatic force due to the pipe rotation. FH 
Longitudinal frictional force, N. FL  
Normal frictional force, N. FN  
Normal hydrodynamic force induced by the pipe 
rotation. 
Fo 
Hydrostatic pressure forces in the x direction, N. Fpx  
Hydrostatic pressure forces in the y direction, N. Fpy  
Hydrostatic pressure forces in the z direction, N. Fpz 
Tangential hydrodynamic force induced by the pipe 
rotation. 
FQ 
Hydrodynamic force induced by the pipe rotation in 
Y-direction. 
FY 







Coefficients of the equations of motion in the lateral 
direction in X-Y plane, corresponding to the 
extensible condition and associated with the cubic 
nonlinearity terms, where i=1, 2… 26. 
v
iF  
Coefficients of the equations of motion in the lateral 
direction in X-Z plane, corresponding to the 
extensible condition and associated with the cubic 
nonlinearity terms, where i=1, 2…34. 
w
iF  
Friction coefficient between the internal fluid and 
inner pipe’s wall. 
fr 
Friction factor between the annular flow and pipe’s 
wall. 
ft 
Modulus of rigidity, N/m2. G 
Coefficients of the equations of motion in the lateral 
direction in X-Y plane, corresponding to the 
inextensible condition and associated with the 
quadratic coupling nonlinearity terms, where i=1, 
2…4. 
  viG  
Coefficients of the equations of motion in the lateral 
direction in X-Z plane, corresponding to the 
inextensible condition and associated with the 
quadratic coupling nonlinearity terms, where i=1, 
2…6. 
  wiG  
Gravitational acceleration, m/s2. g  
Dimensionless time dependant vector of modal 
coordinates associated with the dimensionless 
torsion. 
ğ(t*) 
Angular momentum. Hc 
Coefficients of the equations of motion in the lateral 
direction in X-Y plane, corresponding to the 
inextensible condition and associated with the 
quadratic nonlinearity terms, where i=1, 2…8. 
v
iH  
Coefficients of the equations of motion in the lateral 
direction in X-Z plane, corresponding to the 
inextensible condition and associated with the 
quadratic nonlinearity terms, where i=1, 2…8. 
w
iH  
Minimum film thickness. h 
Hydraulic coefficient. h  
Loss of head due to the sudden flow enlargement. ho 
Area moment of inertia of the pipe, m4. I 
Varaitional function. I~ 
Diameteral mass moment of inertia of the pipe per 
unit length, kg.m. 
ID 
Diameteral mass moment of inertia of the internal 




Polar mass moment of inertia of the pipe per unit 
length, kg.m. 
Ip 
Polar mass moment of inertia of the internal fluid per 
unit length, kg.m. 
Ip, f 
Mass moment of inertia about x-axis, kg.m2. Ixx 
Mass moment of inertia about y-axis, kg.m2. Iyy 
Mass moment of inertia about z-axis, kg.m2. 
 
Izz 
Coefficients of the equations of motion in the lateral 
direction in X-Y plane, corresponding to the 
inextensible condition and associated with the cubic 
coupling nonlinearity terms, where i=1, 2…14. 
v
iI  
Coefficients of the equations of motion in the lateral 
direction in X-Z plane, corresponding to the 
inextensible condition and associated with the cubic 
coupling nonlinearity terms, where i=1, 2…18. 
w
iI  
Polar area moment of inertia of the pipe, m4. J 
Coefficients of the equations of motion in the axial 
direction which represent the linear stiffness terms, 
where i=1, 2…6. 
u
iK 
Coefficients of the equations of motion in the lateral 
direction in X-Y plane, which represent the linear 
stiffness terms, where i=1, 2…6. 
v
iK 
Coefficients of the equations of motion in the lateral 
direction in X-Z plane, which represent the linear 
stiffness terms, where i=1, 2…6. 
w
iK 
Length of the pipe, m. L 
Lagrangian function. L~  
Coefficients of the equations of motion in the lateral 
direction in X-Y plane, corresponding to the 
inextensible condition and associated with the cubic 
nonlinearity terms, where i=1, 2…10. 
v
iL  
Coefficients of the equations of motion in the lateral 
direction in X-Z plane, corresponding to the 
inextensible condition and associated with the cubic 
nonlinearity terms, where i=1, 2…10. 
w
iL  
Mass of the internal fluid per unit length, kg/m. M 
The added hydrodynamic mass per unit length of the 
annular flow, kg/m.  
Ma 
Coefficients of the equations of motion in the axial 
direction which represent the linear inertia terms, 
where i=1, 2…6. 
u
iM 
Coefficients of the equations of motion in the lateral 
direction in X-Y plane, which represent the linear 





Coefficients of the equations of motion in the lateral 
direction in X-Z plane, which represent the linear 
inertia terms, where i=1, 2…6. 
w
iM 
Mass of the pipe per unit length, kg/m. m 
The hydrodynamic mass. mH 
Number of modes. N 
Order of magnitude. O~  
Fluid pressurization force, N. P 
Pressure distribution, Pa. P~ 
Dimensionless time dependant vector of modal 
coordinates associated with the dimensionless axial 
deflection. 
p(t*) 
The resultants of the steady state pressure acting on 
the inner surface of the pipe, Pa. 
pi 
The resultants of the steady state pressure acting on 
the outer surface of the pipe, Pa. 
po 
The value of the steady state pressure acting on the 
outer surface of the pipe at 
2
LX = , Pa. 
op  
Dimensionless time dependant vector of modal 
coordinates associated with the dimensionless lateral 
deflection in X-Y plane. 
q(t*) 
Radius of the inner pipe, m. R 
Global position vector of the point mass þ. Rp 
Dimensionless time dependant vector of modal 
coordinates associated with the dimensionless lateral 
deflection in X-Z plane. 
r(t*) 
 
Inside radius of the outer stationary cylinder, m. rch 
The position vector at the free end of the pipe. rL 
Outer radius of the pipe, m. ro 
Reynolds Number. Re 
Curvilinear Coordinate which represents the pipe arc 
length. 
s 
Total kinetic energy of both pipe and fluid. T  
Tension in the pipe either externally applied or 




Externally imposed uniform tension, N. T  
Total kinetic energy of the fluid, J. Tf 
Kinetic Energy of the internal fluid due to translation. Tf,  t 
Kinetic Energy of the internal fluid due to the pipe 
flexure. 
Tf, r 
Total kinetic energy of the pipe, J. Tp 
Kinetic Energy of the pipe due to translation. Tp, t 
Kinetic Energy of the pipe due to rotation. Tp, r 
Time. t 
 xxix
Initial time instant. to 
Final time instant. tf 
Dimensionless time. t* 








Axial flow velocity relative to the axially deformed 
pipe, m/s. 
Uf 
Internal flow velocity, m/s. Ui 
External flow velocity, m/s. Uo 
Flow velocity after pipe deformation. U1  
Axial displacement of the pipe, m. u 
Axial displacement at the end of the pipe, m. u(L) 
Velocity of the fluid in the annular thickness, h. u 
Dimensionless velocity of the internal flow 
corresponding to the non rotating pipe configuration. 
ui,1 
Dimensionless velocity of the internal flow 
corresponding to the rotating pipe configuration. 
ui,2 
Dimensionless velocity of the external flow 
corresponding to non rotating pipe configuration. 
uo,1 
Dimensionless velocity of the external flow 
corresponding to the rotating pipe configuration. 
uo,2 
Velocity component due to the pressure difference of 
the annular thickness, h.  
pu 
Total potential energy, J.     V 
Potential energy due to axial deformation. Va 
Potential energy due to bending. Vb 
Absolute velocity of the fluid, m/s. Vf 
Potential energy due to gravity. Vg 
Velocity of the pipe, m/s. Vp 
The relative fluid-body velocity, m/s. Vrf 
Potential energy due to torsion. Vt 
Lateral displacement of the pipe in X-Y plane, m. v 
Work done by non-conservative forces, J. Wnc 
Lateral displacement of the pipe in X-Z plane, m. w 
Rectangular Cartesian coordinate axes after 
deformation. 
x-y 
Rectangular Cartesian coordinate axes prior to 
deformation. 
X-Y 






        GREEK SYMBOLS   
 
Location of minimum film thickness. α 
Dimensionless Kelvin-Voigt coefficient of material 
damping corresponding to the non rotating pipe 
configuration. 
1α 
Dimensionless Kelvin-Voigt coefficient of material 
damping corresponding to the rotating pipe 
configuration. 
2α 
Modal frequency. α 
Angular coordinate from h and the center of the pipe. β 
Mass ratio of the internal fluid corresponding to the 
non rotating pipe configuration. 
iβ 
Mass ratio of the internal fluid corresponding to the 
rotating pipe configuration. 
1,iβ 
Diametral mass moment of inertia ratio of the pipe 
and the internal fluid. 
2,iβ 
Polar mass moment of inertia ratio of the pipe.  3,iβ 
Polar mass moment of inertia ratio of the internal 
fluid.  
4,iβ 
Flexural flexibility coefficient corresponding to the 
non rotating pipe configuration. 
1,mβ 
Flexural rigidity coefficient corresponding to the 
rotating pipe configuration. 
2,mβ 
Mass ratio of the external fluid corresponding to the 
non rotating pipe configuration. 
1,oβ 
Mass ratio of the external fluid corresponding to the 
rotating pipe configuration. 
2,oβ 
Dimensionless gravity coefficient of the pipe and the 
internal fluid. 
γ1 
Dimensionless gravity coefficient of the external 
fluid. 
γ2 
Dimensionless lateral deflection of the pipe in X-Y 
plane. 
1η  
Dimensionless lateral deflection of the pipe in X-Z 
plane. 
2η  
Dimensionless angle of torsion. 3η  
The flow profile parameter. η  















Dimensionless axial displacement of the pipe. ζ 
Axial strain along the centerline of the pipe. ε 
Order of magnitud Є 
Slenderness ratio. Ε 
Angle of torsion, rad. φ 
Elastic slope at a position ζ or X. φ 
Elastic slope at a position s or X in X-Z plane. 1φ  
Elastic slope at a position s or X in X-Y plane. 2φ  
The angle between relative fluid-body velocity Vrf 
and the X-axis, rad. 
θ  
Angle of rotation about y2 axis, rad. θy 
Angle of rotation about z1 axis, rad. θz 
Angle of attack, rad. ψ 
Density of the internal fluid, kg/m3. if ,ρ 
Density of the external fluid, kg/m3. of ,ρ 
Angular coordinate of the annulus position which 
rotates with the pipe. 
λ 
Ratio of the inner cylinder diameter. λch 
Ratio of the inner pipe diameter. λi 
Unit vector tangential to the pipe. τ  
The tangential unit vector at the free end of the pipe. τL 
Curvature of the centerline at ζ. κ(ζ) 
Maximum deflection of rotating pipe. δ  
Infinitesimal work done by non-conservative force. δWnc 
Material point. þ 
Ratio of maximum deflection to the annular 
clearance. 
∆ 
Poisson ratio. ν 
Dimensionless added mass. χ 
Instantaneous angular velocity, rad/s. ω 
Angular speed, rad/s. Ω 
The vector of assumed mode shapes, corresponding 
to the dimensionless axial deflection. 
Ψ 
The vector of assumed mode shapes, corresponding 
to the dimensionless transverse deflection in the X-Y 
plane. 
Φ  
The vector of assumed mode shapes, corresponding 
to the dimensionless transverse deflection in the X-Z 
plane. 
Θ  
The vector of assumed mode shapes, corresponding 
to torsion. 
Ξ  
Torque exerted on the pipe due to the fluid-induced 




Dimensionless tension corresponding to the 
extensible non rotating pipe. 
1Γ  
Dimensionless tension corresponding to the 
extensible rotating pipe. 
2Γ  
Dimensionless internal pressure corresponding to the 
non rotating pipe configuration. 
1,iLΠ  
Dimensionless internal pressure corresponding to the 
rotating pipe configuration. 
2,iLΠ  
Dimensionless external pressure corresponding to the 
non rotating pipe configuration. 
1,oLΠ  
Dimensionless external pressure corresponding to the 
rotating pipe configuration. 
2,oLΠ  
Dimensionless axial flexibility corresponding to the 
non rotating pipe configuration. 
1,0Π  
Dimensionless axial flexibility corresponding to the 
rotating pipe configuration. 
2,0Π  
Dimensionless pressurization corresponding to the 
extensible non rotating pipe. 
1Π  
Dimensionless pressurization corresponding to the 
extensible rotating pipe. 
2Π  
Dimensionless pressurization associated with the 
flow cross sectional area and corresponding to the 
extensible non rotating pipe. 
3Π  
Gravity coefficient of the external fluid. 1ℵ  
Mass coefficient of the external fluid. 2ℵ  
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       In the present work, the nonlinear equations of motion which describe the dynamics 
of both rotating and non rotating slender flexible pipe conveying fluid and subjected to 
external axial flow, are derived using the Lagrangian approach together with the 
variational technique. The formulation takes into account all types of inertia and elastic 
coupling between axial, lateral and torsional deflections. This formulation is also 
applicable to both extensible and inextensible conditions associated with different end 
constraints.    
       The obtained nonlinear equations of motion are discretized via unimodal Galerkin’s 
method by utilizing mode shapes of the linear model. 
       The derived models were employed to investigate the dynamics of selected 
engineering applications, as manifested by the vibrations of a tube in a double pipe heat 
exchanger, and the flow induced vibrations of rotating drillstring. 
       Based on the numerical simulation results of an extensible non rotating flexible pipe 
conveying fluid and subjected to external axial flow, which may represent the vibrations 
of a double pipe heat exchanger, it was found that both internal and external flows play a 
dominant role in softening the lateral and axial natural frequencies of the system. Also, it 
 xxxiv
was found that when the annular spacing decreased, a noticeable drop of the lateral 
natural frequency occurred. 
       The developed three-dimensional mathematical model was extended to simulate the 
flow induced vibration of rotating drillstring under the inextensibility condition. The 
governing equations of motion showed that the most dominant nonlinear terms of the 
lateral directions in X-Y and X-Z planes are associated with a cubic nonlinearity. Upon 
performing the numerical simulations for selected realistic parameters, it was found that 
both external and internal flows play dominant role in softening the lateral and torsional 
natural frequencies of the system. This study has demonstrated that the stability of the 
drill pipe is highly dependant on the external flow velocity and annular spacing. 
Moreover, the three-dimensional analysis was found necessary for predicting the accurate 
vibrational behavior of a rotating flexible pipe conveying fluid and subjected to external 
axial flow, particularly at high rotational speeds. The three-dimensional model is capable 
of capturing the non-symmetrical nature of the gyroscopic forces in X-Y and X-Z planes. 
       Another nonlinear mathematical model is derived for the flow induced vibration of a 
rotating drillstring, by considering fixed-simply supported-sliding end conditions and 
ignoring the inextensibility condition. This study showed that the lateral natural 
frequencies of this model are higher than the cantilevered configuration. This comparison 
reveals the importance of selecting appropriate end conditions for achieving reliable and 
accurate model of the drill pipe system.  
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 درﺟﺔ اﻟﺪآﺘﻮراة ﻓﻲ اﻟﻔﻠﺴﻔﺔ
 
 
   ﻓﺎدي ﻋﺒﺪاﻟﻬﺎدي زهﺪي ﻏﻴﺚ             :اﻻﺳﻢ
               اﻟﻨﻤﺬﺟﺔ اﻟﺪﻳﻨﺎﻣﻴﻜﻴﺔ ﻷﻧﺒﻮب ﻣﺮن دوار ﻳﺤﻤﻞ ﺳﺎﺋﻼ ﻓﻲ داﺧﻠﻪ و ﻳﺘﻌﺮض :         اﻟﻌﻨﻮان
  .ﻟﺘﺪﻓﻖ ﺳﺎﺋﻞ ﺧﺎرﺟﻪ                     
    ﻤﻴﻜﺎﻧﻴﻜﻴﺔاﻟﻬﻨﺪﺳﺔ اﻟ :       اﻟﺘﺨﺼﺺ
 9002     دﻳﺴﻤﺒﺮ: رﻳﺦ اﻟﺘﺨﺮج ﺗﺎ
  
ﻟﻘﺪ ﺗﻢ ﻓﻲ هﺬﻩ اﻟﺪراﺳﺔ اﺷﺘﻘﺎق ﻣﻌﺎدﻻت اﻟﺤﺮآﺔ اﻟﻼﺧﻄﻴﺔ اﻟﺘﻲ ﺗﺼﻒ اﻟﺪﻳﻨﺎﻣﻴﻜﺎ اﻟﻤﺘﻌﻠﻘﺔ ﺑﺄﻧﺒﻮب ﻣﺮن 
و ﻳﺘﻌﺮض ﻟﺘﺪﻓﻖ ﺳﺎﺋﻞ  ﺧﺎرﺟﻪ ﺑﺎﺳﺘﻌﻤﺎل ﻧﻈﺎم ﻻﻧﺠﺮاﻧﺞ وﻃﺮﻳﻘﺔ ( اﻟﺜﺒﺎت و اﻟﺪوران ﻓﻲ آﻼ وﺿﻌﻲ)
ﺟﺔ اﻟﺤﺎﻟﻴﺔ ﺗﺄﺧﺬ ﺑﻌﻴﻦ اﻻﻋﺘﺒﺎر ﺟﻤﻴﻊ أﻧﻮاع اﻻﻗﺘﺮان إن اﻟﻨﻤﺬ. اﻟﺘﻐﻴﺮ اﻟﺰﻣﻨﻲ ﻓﻲ اﻟﺤﺮآﺔ اﻟﻤﻔﺘﺮﺿﺔ ﻣﻌﺎ
. ﻣﺎ ﺑﻴﻦ ﻗﻮى اﻟﺠﻤﻮد و اﻟﻤﺮوﻧﺔ ﻓﻲ آﻞ ﻣﻦ اﻻﺗﺠﺎﻩ اﻷﻓﻘﻲ و اﻟﻌﻤﻮدي و اﻟﺪوراﻧﻲ ﻟﻺهﺘﺰازات اﻟﻨﺎﺗﺠﺔ
آﻤﺎ أن اﻟﻨﻤﺬﺟﺔ اﻟﺤﺎﻟﻴﺔ ﺗﺼﻠﺢ ﻟﻜﻠﺘﺎ اﻟﺤﺎﻟﺘﻴﻦ اﻟﻘﺎﺑﻠﺔ و اﻟﻐﻴﺮ ﻗﺎﺑﻠﺔ ﻟﻺﺳﺘﻄﺎﻟﺔ وﻓﻖ ﻣﺤﺪدات ﻣﺨﺘﻠﻔﺔ 
  .اﻟﻤﻌﺎدﻻت اﻟﻼﺧﻄﻴﺔ ﺑﺎﺳﺘﻌﻤﺎل أﺷﻜﺎل اﻻهﺘﺰازات اﻟﻤﺘﻌﻠﻘﺔ ﺑﺎﻟﻨﻈﺎم اﻟﺨﻄﻲﻟﻘﺪ ﺗﻢ ﺗﺠﺰﺋﺔ .ﻟﻠﺤﺮآﺔ
ﻟﻘﺪ ﺗﻢ ﺗﻮﻇﻴﻒ اﻷﻧﻈﻤﺔ اﻟﻤﺸﺘﻘﺔ ﻟﺪراﺳﺔ دﻳﻨﺎﻣﻴﻜﻴﺔ ﺑﻌﺾ اﻟﺘﻄﺒﻴﻘﺎت اﻟﻬﻨﺪﺳﻴﺔ اﻟﻤﻨﺘﻘﺎة و اﻟﺘﻲ ﺗﻈﻬﺮ ﺟﻠﻴﺎ 
ﺑﺎﻹهﺘﺰازات ﻓﻲ اﻷﻧﺒﻮب اﻟﺪاﺧﻠﻲ ﻟﻠﻤﺒﺎدل اﻟﺤﺮاري ذو اﻷﻧﺒﻮب اﻟﻤﺰدوج و اﻻهﺘﺰازات ﻓﻲ أﻧﺒﻮب 
  .اﻟﺒﺘﺮول اﻟﺪوارﺣﻔﺮ 
 اﻟﺬي ﻳﺤﻤﻞ ﺳﺎﺋﻼ ﺑﺪاﺧﻠﻪ و  -ﻘﺎﺑﻞ ﻟﻼﺳﺘﻄﺎﻟﺔاﻟ - اﻟﻤﺤﺎآﺎة اﻟﻌﺪدﻳﺔ ﻟﻸﻧﺒﻮب اﻟﻤﺮنﺑﺎﻻﻋﺘﻤﺎد ﻋﻠﻰ
 ﻓﻲ اﻟﻤﺒﺎدل اﻟﺤﺮاري ذو اﻷﻧﺒﻮب تﻳﺘﻌﺮض ﻟﺴﺎﺋﻞ ﺁﺧﺮ ﺧﺎرﺟﻪ و اﻟﺬي ﺑﺎﻹﻣﻜﺎن أن ﻳﻤﺜﻞ اﻻهﺘﺰازا
ورا ﻣﻬﻤﺎ ﻓﻲ ﺗﻘﻠﻴﻞ ﻗﻴﻤﺔ اﻟﻤﺰدوج،  ﻓﻘﺪ وﺟﺪ أن وﺟﻮد آﻼ اﻟﺴﺎﺋﻠﻴﻦ اﻟﺨﺎرﺟﻲ و اﻟﺪاﺧﻠﻲ ﻳﻠﻌﺐ د
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آﻤﺎ وﺟﺪ اﻧﻪ ﻋﻨﺪﻣﺎ ﺗﻘﻞ اﻟﻤﺴﺎﻓﺔ اﻟﻤﺤﺼﻮرة ﻣﺎ ﺑﻴﻦ اﻷﻧﺒﻮﺑﻴﻦ، .اﻟﺘﺮددات اﻟﻄﺒﻴﻌﻴﺔ اﻷﻓﻘﻴﺔ و اﻟﻌﻤﻮدﻳﺔ
  .ﻳﻜﻮن هﻨﺎك هﺒﻮط ﻣﻠﺤﻮظ ﻓﻲ اﻟﺘﺮدد اﻟﻄﺒﻴﻌﻲ اﻟﻌﻤﻮدي
ﻟﻘﺪ ﺗﻢ اﺳﺘﻄﺮاد اﻟﻨﻈﺎم اﻟﺜﻼﺛﻲ اﻷﺑﻌﺎد اﻟﻤﻄﻮر ﻟﻤﺤﺎآﺎة اﻻهﺘﺰازات اﻟﻤﺘﻌﻠﻘﺔ ﺑﺎﻟﺘﺪﻓﻖ ﻷﻧﺒﻮب اﻟﺤﻔﺮ 
ﻓﻲ ﺣﻴﻦ أﻇﻬﺮت اﻟﻤﻌﺎدﻻت اﻟﺤﺮآﻴﺔ أن أآﺜﺮ اﻟﻌﻨﺎﺻﺮ اﻟﻤﺆﺛﺮة ﻓﻲ . اﻟﺪوار اﻟﻐﻴﺮ ﻗﺎﺑﻞ ﻟﻼﺳﺘﻄﺎﻟﺔ
  .اﻟﺤﺮآﺔ اﻟﻌﻤﻮدﻳﺔ ﻓﻲ آﻼ اﻟﻤﺴﺘﻮﻳﻴﻦ ﺗﻜﻮن  ﻣﺮﺗﺒﻄﺔ ﺑﺎﻟﻼﺧﻄﻴﺔ ذات اﻟﺪرﺟﺔ اﻟﺜﺎﻟﺜﺔ
ﺑﺈﺟﺮاء اﻟﻤﺤﺎآﺎة اﻟﺮﻗﻤﻴﺔ ﻟﻬﺬا اﻟﻨﻈﺎم و ﺑﺎﺳﺘﻌﻤﺎل ﻗﻴﻢ واﻗﻌﻴﺔ ﺗﺼﻒ اﻟﻨﻈﺎم اﻟﺤﺎﻟﻲ، وﺟﺪ أن وﺟﻮد آﻼ 
ﻟﻼهﺘﺰازات اﻟﻌﻤﻮدﻳﺔ و اﻟﺴﺎﺋﻠﻴﻦ اﻟﺪاﺧﻠﻲ و اﻟﺨﺎرﺟﻲ ﻳﻠﻌﺐ دورا ﻣﻬﻤﺎ ﻓﻲ ﺗﻘﻠﻴﻞ اﻟﺘﺮدد اﻟﻄﺒﻴﻌﻲ 
ﺗﺪﻓﻖ اﻟﺴﺎﺋﻞ ﻟﻘﺪ أﻇﻬﺮت هﺬﻩ اﻟﺪراﺳﺔ أن إﺗﺰان اﻟﻨﻈﺎم ﻳﻌﺘﻤﺪ ﺑﺸﻜﻞ آﺒﻴﺮ ﻋﻠﻰ ﺳﺮﻋﺔ . اﻟﺪوراﻧﻴﺔ
آﻤﺎ وﺟﺪ  أن ﻃﺮﻳﻘﺔ اﻟﺘﺤﻠﻴﻞ ﺛﻼﺛﻲ اﻷﺑﻌﺎد ﺿﺮورﻳﺔ ﻟﻠﺘﻨﺒﺆ . اﻟﺨﺎرﺟﻲ و ﻗﻴﻤﺔ اﻟﻤﺴﺎﻓﺔ اﻟﻤﺤﺼﻮرة
 ﻓﻲ اﻷﻧﺒﻮب اﻟﻤﺮن اﻟﺪوار اﻟﺬي ﻳﺤﻤﻞ ﺳﺎﺋﻼ ﺑﺪاﺧﻠﻪ و ﺑﺘﻌﺮض ﻟﺘﺪﻓﻖ ﺳﺎﺋﻞ ﺧﺎرﺟﻪ تﺑﺴﻠﻮك اﻻهﺘﺰازا
ا ﻋﻠﻰ اﻟﺘﻘﺎط اﻟﻄﺒﻴﻌﺔ اﻟﻐﻴﺮ ان اﻟﻨﻈﺎم ﺛﻼﺛﻲ اﻻﺑﻌﺎد ﻳﻌﺪ ﻗﺎدر. ﻋﻨﺪ اﻟﺴﺮﻋﺎت اﻟﺪوراﻧﻴﺔ اﻟﻌﺎﻟﻴﺔ ﺧﺎﺻﺔ
  .ﻣﺘﻄﺎﺑﻘﺔ ﻟﻠﻘﻮى اﻟﺪوراﻧﻴﺔ ﻓﻲ آﻼ اﻟﻤﺴﺘﻮﻳﻴﻦ
ﻟﻘﺪ ﺗﻢ اﺷﺘﻘﺎق ﻧﻈﺎم رﻳﺎﺿﻲ ﺁﺧﺮ ﻳﺼﻒ اﻻهﺘﺰازات اﻟﻤﺘﻌﻠﻘﺔ ﺑﺎﻟﺘﺪﻓﻖ ﻓﻲ أﻧﺒﻮب اﻟﺤﻔﺮ اﻟﺪوار اﻟﻘﺎﺑﻞ 
و . ﻟﻼﺳﺘﻄﺎﻟﺔ اﻟﻤﺜﺒﺖ آﻠﻴﺎ  ﻣﻦ إﺣﺪى ﻃﺮﻓﻴﻪ ﻓﻲ ﺣﻴﻦ ان اﻟﻄﺮف اﻻﺧﺮ ﻣﺜﺒﺖ ﺑﻮاﺳﻄﺔ دﻋﺎﻣﺔ ﻣﻨﺰﻟﻘﺔ
هﺬﻩ اﻟﺪراﺳﺔ أن اﻟﺘﺮدد اﻟﻄﺒﻴﻌﻲ ﻟﻼهﺘﺰازات اﻟﻌﻤﻮدﻳﺔ ﻓﻲ هﺬا اﻟﻨﻈﺎم أﻋﻠﻰ ﻣﻦ اﻟﻨﻈﺎم ﻟﻘﺪ أﻇﻬﺮت 
اﻟﻤﻌﻠﻖ، آﻤﺎ أن هﺬﻩ اﻟﻤﻘﺎرﻧﺔ أﻇﻬﺮت أهﻤﻴﺔ اﺧﺘﻴﺎر اﻟﻤﻘﻴﺪات اﻟﻤﻨﺎﺳﺒﺔ ﻟﻠﺤﺮآﺔ ﻟﻠﺤﺼﻮل ﻋﻠﻰ ﻧﻈﺎم 
 .دﻗﻴﻖ و ﻣﻌﺘﻤﺪ ﻷﻧﺒﻮب اﻟﺤﻔﺮ اﻟﺪوار
 
  درﺟﺔ اﻟﺪآﺘﻮراة ﻓﻲ اﻟﻔﻠﺴﻔﺔ ﻓﻲ اﻟﻬﻨﺪﺳﺔ اﻟﻤﻴﻜﺎﻧﻴﻜﻴﺔ
   اﻟﻤﻠﻚ ﻓﻬﺪ ﻟﻠﺒﺘﺮول واﻟﻤﻌﺎدنﺟﺎﻣﻌﺔ







1.1  Motivation 
         Flow-induced vibration is a term used to denote a phenomenon associated with the 
response of structures immersed in or conveying fluid. The term covers cases in which an 
interaction develops between fluid-dynamic forces and elastodynamic forces in the 
structure. The study of such phenomenon extends to three disciplines: structural 
mechanics, mechanical vibrations and fluid dynamics. 
         Flow induced vibrations could be classified in terms of the source of excitation  as 
extraneously induced excitation (EIE) due to pressure fluctuation, instability-induced 
excitation (IIE) which is associated with flow instability such as lock in phenomena,  and 
movement induced excitation (MIE) due to self excited vibrations such as fluttering of 
cantilever pipe conveying fluid, Naudascher and Rockwell [1].  
         The fluid-structure interaction (FSI) in pipe conveying fluid systems has been 
investigated extensively,  because of its relevance to mechanical, civil, nuclear and 
aeronautical engineering applications. 
         Cylindrical structures subjected to external or annular flows belong to another class 
of FSI systems, which are found in many engineering applications, particularly in the 
power-generating, chemical and petrochemical industries. One of the most challenging 
FSI problems that have not been addressed until now is rotating pipe conveying fluid and 
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subjected to external axial flow. The complexity of this model arise from the direct 
effects of rotation on the flow induced vibration and stability of the system. 
         Understanding and prediction of the dynamic behavior of such FSI systems are of 
prime importance to the design and trouble-free operation of heat exchangers, nuclear 
fuel elements, and drilling applications. On the other hand, it is crucial to understand the 
complex vibrational mechanisms experienced by similar systems in order to better 
control its functional operation and improve its performance. 
         Motivated by the quest of understanding the fundamentals of fluid-structure 
interactions, as well as their relevance to applications in several areas of engineering, the 
dynamical behavior of rotating pipe conveying fluid and subjected to external axial flow 
was investigated by this research work. 
 
1.2 Literature Review 
        The current model of this study consists of a rotating flexible pipe conveying fluid 
and subjected to external axial flow. This problem belongs to a major subject area within 
the general realm of fluid-structure interaction. In the light of several schemes of fluid-
structure configurations associated with the proposed model, in addition to the rotation of 
flexible pipe, the literature survey will be divided into five sections. At the end of this 
survey, the current status of this problem is outlined. 
 
    1.2.1 Flexible pipe conveying fluid 
                The dynamics of pipes conveying fluid, either continuously flexible or 
articulated, have been studied extensively in the literature. The stability of hanging or 
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standing cantilevers conveying fluid was first examined theoretically and experimentally 
by Paidoussis [2]. 
            Semler et al. [3] derived the nonlinear equations of motion of pipes conveying 
fluid by both energy and Newtonian methods for cantilevered pipes and for pipes with 
fixed ends. The fluid was assumed to be incompressible, turbulent, fully developed and 
approximated as plug flow. Two nonlinear equations of motion for pipe conveying fluid 
with fixed ends were obtained in terms of lateral deflection and axial shortening. By 
employing the inextensibility condition for the cantilevered pipe conveying fluid, the 
system was reduced in terms of lateral deflection only. The planar dynamics of a fluid- 
conveying cantilevered pipe with a small mass attached at the free end were examined 
theoretically and experimentally by Paidoussis and Semler [4]. The mass at the end was 
modeled as a lumped point-mass and the nonlinear equation of motion was formulated in 
terms of lateral deflection. The system was discretized using conventional Galerkin’s 
method. Jump phenomena as well as chaotic oscillations were observed in the experiment 
and have been illustrated theoretically, revealing the importance of even small mass at the 
end. 
            Stability, Double degeneracy and Chaos in cantilevered pipes conveying fluid 
were examined by Paidoussis and Li [5]. The nonlinear dynamics of planar motions of 
cantilevered pipes conveying fluid were studied via a two mode discretization of the 
governing partial differential equation, after replacing the non-linear inertial terms by 
equivalent ones through a perturbation procedure. It was shown that for a standing 
cantilever, the pipe is statically unstable at lower velocities if the pipe is sufficiently long, 
while it has Hopf bifurcation followed by pitchfork bifurcation at higher flow velocities. 
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Centre Manifold theory was used to show the existence of chaotic behavior. The 
numerical results are presented in the form of phase portraits, bifurcation diagrams and 
Lyapunov exponents. 
            Szabo [6] performed bifurcation analysis of a clamped-free flexible pipe 
conveying pulsate flow. The fluid was assumed to be incompressible, frictionless with 
periodic pulsating velocity. Equation of motion was derived using Hamilton’s principle 
and geometric nonlinearity was involved. The system was discretized using Galerkin’s 
method. Stability charts show that the harmonic perturbation of the fluid velocity with 
certain values of perturbation amplitude and forcing frequency could destabilize the 
equilibrium of the pipe even for values less than the critical ones. It was shown also that 
appropriate harmonic perturbation could stabilize unstable equilibrium, and this will be 
useful when great fluid mass has to be transported in thin elastic pipe. 
            A low-dimensional model for the planar nonlinear dynamics of a fluid-conveying 
pipe was constructed by Sarkar and Paidoussis [7] using the proper orthogonal 
decomposition method (PODM) in the post flutter region. Equation of motion obtained 
by Semler et al. [3], which has been illustrated previously, was employed in this work.  
Firstly, the nonlinear PDE of motion is converted into a finite set of coupled ordinary 
differential equations by Galerkin's method using the cantilever beam modes as basis. 
            Wadham-Gagnon et al. [8] investigated the three-dimensional nonlinear dynamics 
of unrestrained and restrained cantilevered pipes conveying fluid. The equations of 
motion were derived, presented in the dimensionless form and then discretized via 
Galerkin’s method. 
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It is clear that the dynamic modeling and stability analysis tackled in previous papers 
were limited to flexible pipes with internal flow only, without considering external flow 
and pipe rotation.  
 
    1.2.2 Flexible cylinder subjected to axial flow 
              Understanding and prediction of the dynamics of cylinders in axial flow is 
considered as a fundamental requirement in order to develop a comprehensive dynamic 
model. Historically, the first specific study on the dynamics of a slender flexible cylinder 
subjected to axial flow was addressed by Hawthorne [9] and it was concerned with 
stability of Dracone barge. The Dracone is a long flexible towed tubular container with 
tapering ends, which was designed to carry oil and other liquids lighter than sea-water. 
This analysis was extended and generalized for different boundary conditions and 
supported experimentally by Paidoussis [10]. Later, a more general and corrected linear 
equation of motion was derived by Paidoussis [11].  
              Lopes et al. [12] derived the nonlinear equations of motion of a slender 
cantilevered cylinder in axial flow via Hamilton’s principle. It was assumed that the flow 
velocity is constant and the cylinder is slender and obeys Euler-Bernoulli beam theory. 
Invicid forces were modeled via slender-body potential flow theory by following closely 
the Lighthill formulation [13], wherein the viscous, hydrostatic and gravity-related terms 
were derived separately.  
                Semler et al. [14] explored the equations of motion for the dynamics of a 
cantilevered cylinder in axial flow using numerical tools such as the Finite Difference 
Method and AUTO software, which was developed by Doedel and Kerneves [15] in 
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order to solve the discretized ordinary differential equations. The linear dynamics is 
considered first, focusing on the effect of flow velocity, free end conditions and frictional 
coefficients on stability. Also nonlinear dynamics were examined by means of bifurcation 
diagrams, phase-plane plots and Poincare maps. The obtained theoretical results showed 
good agreement with experimental work done by Paidoussis et al.  [16]. 
               A weakly nonlinear equation of motion of an extensible slender cylinder 
subjected to axial flow was derived by Modarres-Sadeghi et al. [17], corrected to third-
order of magnitude, using Hamilton’s principle. Lateral deflections were assumed to be 
of first order magnitude while treating axial deflections as second order. For convenience, 
inviscid, hydrostatic and viscous forces were determined by direct application of Navier-
Stokes equations. The derived equation was not the definitive nonlinear equation of 
motion for this system, since it was not obtained by a unified nonlinear treatment of fluid 
mechanics. Based on the derived nonlinear equations of motion, the dynamics of the 
system was studied from a nonlinear point of view, and the existence of post divergence 
instabilities of the cylinder was established. 
 
    1.2.3 Dynamic analysis of flexible rotors 
               Although modeling of flexible rotor is not the core subject of the current 
research, it is found necessary to go through the most related and recent literature in this 
area, because the proposed model consists of a rotating flexible pipe.  
Khulief et al. [18] presented a dynamic model of the drillstring. The equation of motion 
of the rotating drillstring was derived using Lagrangian approach together with finite 
element method. The formulated model accounts for the gyroscopic effect, the torsional / 
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bending inertia coupling, effect of the gravitational force field and stick-slip interaction 
forces. Explicit expressions of the finite element coefficient matrices are derived using 
consistent mass formulation. Modal transformations are invoked to obtain a reduced 
order modal form of the dynamic equations. It is important to mention that internal 
damping of the pipe and flow induced forces were neglected in this work. 
         Sampaio et al. [19] studied the coupling of axial and torsional vibrations on 
drillstring. The model has been described as a vertical slender beam under axial rotation. 
It is shown that geometrical nonlinearity plays significant role in the stiffening of the 
beam. The model was analyzed using nonlinear finite element approximation, in which 
large rotations and nonlinear strain displacements are taken into account. The effect of 
structural damping was included also in this model. 
         The aforementioned models did not include the effects of fluid-structure interaction 
related to internal and external flow. 
 
    1.2.4 Fluid-structure interaction of flexible rotors 
               Modeling of the fluid-structure interaction in flexible rotors has been studied 
extensively in the last two decades, due to its importance in drilling applications. 
Berlioz et al. [20] studied the dynamic behavior of drillstring. This work focused on the 
laboratory tests concerned with the lateral behavior of a rod representative of the part of a 
drillstring in the area of rotary oil drilling. Theoretical Finite Element model was 
proposed to present the vibrations of the drillstring by using a substantial part of the rotor 
dynamics theory presented in Lalanne and Ferraris [21]. The beam element which 
represents the drillstring was presented as two nodes and six degrees of freedom at each 
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node, including three translations and three rotations. The stabilizers were considered as 
bearing elements and the drill hole as a radial gap element. The mud in the annulus 
between the drill-string and the well borehole was modeled with mass, damping-
gyroscopic and stiffness matrices, while the mud inside the pipe was modeled with a 
mass matrix only following the formulation presented by Axisa and Antunes [22]. The 
effects of gravity and buoyancy were taken into account. It is important to mention that 
the theoretical model was suggested only in this paper, while nothing was provided 
regarding the formulation of the mass, damping-gyroscopic and stiffness matrices.  The 
experimental results highlighted the different kinds of lateral instabilities and they were 
compared with existing experimental results.  
             A theoretical model was developed by Antunes and axisa [23] for predicting the 
dynamic behavior and stability of rotating shaft immersed in both a concentric and 
eccentric fluid annulus. This study was concerned with a moderate flow confinement for 
both steady and fluctuating flows. This work investigated the importance of the 
confinement level on the dynamic behavior of the rotor and showed that rotor eccentricity 
is very important parameter, leading to important qualitative differences in the system 
dynamic responses.  
             Khulief and Al-Sulaiman [24] presented an experimental investigation for the 
drillstring vibrations using a specially designed drilling test rig. The test rig was 
constructed to simulate the drillstring vibrational response due to various excitation 
mechanisms, which include stick-slip, well-borehole contact, and drilling fluid 
interaction. The test rig was driven by a variable speed motor which allows for testing 
different drilling speeds, while a magnetic tension brake is used to simulate stick-slip. In 
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addition, shaker is employed to excite the drillstring axially in order to simulate the 
weight-on-bit (WOB). The drillstring was instrumented for vibration measurements. The 
experimental measurements for the fluid friction factor were utilized to tune such values 
obtained via the simulation of the dynamic model. This work demonstrated the 
significance of the experimental procedures in tuning and validation of the finite element 
multibody model of the drillstring to accommodate the effect of the drilling fluid. In this 
study, only the effect of the internal fluid was considered. 
            Drilling Dynamics in the presence of the mud flow was investigated by 
Schmalhorst et al. [25]. The interaction between the drillstring and instationary mud flow 
circulation were taken into account by considering the shear forces inside the pipe due to 
the relative velocity between the drilling fluid and the pipe. The equations of motion for 
the drillstring were derived by applying the theory of virtual work. The model was 
formulated as continuous model in terms of axial, lateral and torsional freedoms in 
addition to the flow rate and the pressure of the mud. The Galerkin's method in 
combination with a nonlinear Finite Element method were applied to discretize the set of 
the governing partial differential equations. Coupled axial, torsional, lateral and pressure 
vibrations were estimated numerically and the influence of the pressure pulses of the mud 
on the drillstring vibrations has been investigated. In spite of the importance of the 
invicid hydrodynamic forces, gravity and frictional forces of the external mud flow on the 
vibrations of the drillstring, their effect was not considered in this work. 
             The fully developed laminar flow of non-Newtonian liquids through annuli has 
been studied by Escudier et al. [26]. They studied the velocity profiles in the annulus for 
many different combinations of concentric and eccentric annuli with and without center 
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body rotation. Continuity and momentum partial differential equations were formulated 
based on generalized Newtonian fluid assumptions, in which the viscosity is dependant 
only on the second invariant of the stress-strain tensor. Numerical analysis has been 
carried to solve governing equations using a second order differencing scheme. Velocity 
components of the flow for different radii ratios were obtained and compared with 
experiments. 
             On the other hand, preliminary and simple discrete models were provided in 
literature that also considered the effect of flow induced vibrations in rotating drillstrings. 
Chrisoforou and Yigit [27] presented dynamic model of rotating drillstrings with 
borehole interactions. The axial excitation due to bit/formation interactions and 
hydrodynamic damping were included. By neglecting the torsional vibration of the 
drillstring, equations of motion were obtained by using assumed mode method and 
applying the Lagrangian approach. The equivalent system parameters for the lumped 
model such as mass, stiffness and damping were derived from the associated continuous 
model of the drillstring. Cull and Tucker [28] modeled the damping of drillstring mud by 
a dashpot parallel to equivalent torsional spring of the drillstring. The equations of 
motion were obtained using a simplified lumped parameter model with two degrees of 
torsional freedom, one for the rotary table and other for Bottom-Hole-Assemply (BHA). 
             Zamanian et al. [29] studied the self-exited stick slip oscillations of rotary drill 
string with a drag bit. A more realistic model was considered including the effects of 
rotary table and damping of drillstring mud. The lumped parameters of the system were 
obtained by equating the equivalent lumped parameters system to the associated 
continuous model using Energy method.  The model was formulated as discrete model 
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with two degrees of torsional freedom and one degree of axial freedom. It was assumed 
that drill collars and the bit behave as rigid bodies and the moment of inertia of the drill 
pipe was neglected in comparison with the moment of inertia of rotary table and drill 
collar. The equations of motion were obtained by using a simplified lumped parameter 
model and have been solved using Euler-forward Finite Difference technique. 
 
    1.2.5 Flexible pipe conveying fluid and subjected to external axial   
             flow. 
               The problem of a tubular beam subjected to both internal and external flows has 
been studied previously by several investigators. Hannoyer and Paidoussis [30] combined 
theory and experiments on the linear dynamics and stability analysis of a cylinder with 
supported or fixed ends, subjected to both internal and external axial flow. Equation of 
motion was derived in terms of lateral deflection and flow was modeled as steady flow. 
The study revealed a rich dynamical behavior, involving multiple divergence and flutter 
instabilities. Theory and experiments were in quite good agreement.  
               Paidoussis and Besancon [31] discussed various aspects of the dynamics and 
stability of clusters of tubular beams containing internally flowing fluid and surrounded 
by a bounded external axial flow. Equation of motion was formulated as one degree of 
freedom in terms of lateral deflection and flow was assumed to be steady and fully 
developed. The obtained equation of motion was discretized using the conventional 
Galerkin’s method. The general character of free motions was established by obtaining 
the eigenfrequencies of the system and studying their evolution with increasing internal 
or external flow. Stability diagrams were obtained for the critical flow velocities, beyond 
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which the system would loose stability by buckling, under the combined effect of internal 
and external flow. 
              Wang and Bloom [32] derived a mathematical model to study the dynamics of a 
submerged and inclined concentric pipe system with internal and external flows. The 
addressed problem was inspired by the geometry of silo-pipe system design (Silo water 
mixing unit). The main function of this unit is to dilute fiber stock with water. Two 
degrees of freedom model was extracted by assuming fully developed turbulent flow with 
negligible viscoelastic damping and by ignoring the axial inertia effects. The obtained 
partial differential equations were solved numerically using the finite difference scheme. 
It is shown that the inclination angle and gravity are not important design parameters for 
the adopted model. This work didn’t include nonlinearity terms while the authors paid 
much effort in selecting optimal design parameters of the pipes such as radius and length, 
which achieve stability.  
            A recent comprehensive study was carried out by Paidoussis et al. [33]. They 
developed a theoretical model for the dynamics of a long tubular cantilever conveying 
fluid downwards, which then flows upwards around the cantilever as a confined annular 
flow. 
            The discussed problem was inspired by the flow-powered drill-string with a 
floating drill-bit. The system consists of a drill pipe and a floating drill-bit. Sludge with 
the debris flows upwards around the drill pipe to the surface. The mathematical model 
was obtained by assuming fully developed turbulent flow with negligible viscoelastic 
damping of the pipe. The system was reduced to one partial differential equation in terms 
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of lateral deflection only. The obtained equation of motion was solved using the hyprid 
Galerkin-Fourier method and the conventional Galerkin’s method. 
            It was shown that as the annular space is widened, the dynamics is dominated by 
the inside flow and the system loses stability by flutter. At low internal flow velocities, 
the flow adds damping to the system. For narrower annuli (less than 20 % of the pipe 
outer diameter), the dynamics is dominated by the outside flow, which destabilize the 
system, inducing flutter at low velocities. 
 
    1.2.6 Current status 
                In the light of the above literature survey, it was shown that earlier studies 
within the general realm of fluid-structure interaction area focused on the  linear 
dynamics of pipe conveying fluid, partly because of its relevance to mechanical, civil, 
nuclear and aeronautical engineering applications and partly because it was considered 
one of the simplest FSI systems. In the last two decades, more investigations were 
directed to the nonlinear formulations in order to examine stability and chaotic behavior 
of pipes conveying fluid. 
               The dynamics of a flexible cylinder subjected to axial flow was studied 
extensively in the literature from the linear analysis point of view. Most of recent studies, 
however, focused on the nonlinear behavior of such systems by considering geometrical 
nonlinearity and using models of several inviscid forces. 
                By combining the hydrodynamic forces of a pipe conveying fluid and the 
flexible cylinder subjected to axial external flow, the problem of tubular beam subjected 
to both internal and external flow was explored by several investigators. Although many 
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studies were performed in this area, all reported investigations were restricted to the 
linear formulations and ignored the geometric nonlinearities. Some comprehensive 
dynamic models of fluid-free flexible rotors were reported in the literature, which took 
into account gyroscopic effect, torsional/bending inertia coupling and effect of 
gravitational forces. However, these models didn’t consider the effects of fluid-structure 
interaction associated with internal and external flows; as well as internal damping of the 
rotor.  
               The increasing demand for gaining more insight into the fluid interaction 
systems in rotating equipment such as drilling operations has oriented researchers and 
investigators to search for more accurate dynamic models that combine elastic and 
hydrodynamic forces. 
            Some investigators presented dynamic models for similar systems which could 
represent rotating pipe conveying fluid and subjected to external axial flow such as 
drillstring systems. However, a comprehensive model has not been achieved and the 
understanding of all vibration phenomena involved is still lacking. In the previously cited 
investigations, some ignored the moment of inertia of the pipe, others included internal 
flow and neglected the effects of external hydrodynamic forces, and some studies were 
restricted to discrete models using a simplified lumped parameter approach. 
            Due to the complex dynamics of a rotating pipe conveying fluid and subjected to 
external axial flow, some investigators performed experimental studies in order to come 
up with better understanding of such a system. Although experimental investigations are 
crucial to grasp what happens in the actual application, they are time consuming, costly, 
and can only be performed on simplified laboratory test rigs. 
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             At this point, one can conclude that a comprehensive model of rotating flexible 
pipe conveying fluid and subjected to external axial flow has not been addressed in the 
available literature, in particular when a system is subjected to a reference rotation. This 
finding has motivated the current proposed research work that is expected to contribute to 
the area of flow induced vibration of rotating flexible pipe conveying fluid especially in 
those applications associated with drilling operation. 
 
1.3 Research Work Description 
    1.3.1 Problem statement  
               In the current research work, a nonlinear mathematical model for a rotating 
flexible pipe conveying fluid and subjected to external axial flow will be developed. The 
model consists of a rotating tubular pipe, conveying fluid downwards, while subjected to 
external flow in reverse direction in the annulus formed by the inner pipe and an outer 
rigid cylinder, as shown diagrammatically in figure 1.1. The main aim of this work is to 
analyze the flow-induced vibration and stability of this system. 
 
    1.3.2 Research objectives 
                The main objectives of the current research are summarized as follow: 
1. Derivation of the nonlinear equations of motion of the following dynamic models: 
• Extensible flexible pipe conveying fluid and subjected to external axial flow. 



















Figure 1.1: Rotating pipe conveying fluid and subjected 






• Extensible rotating flexible pipe conveying fluid and subjected to external 
axial flow. 
Energy method and principle of virtual work are used to identify hydrodynamic forces 
exerted by both internal and external flows on the pipe, and the extended Hamilton’s 
principle is applied to formulate the governing equations of motion. The main 
assumptions underlying the formulation include the following:  
• The internal pipe is slender, and obeys Euler-Bernoulli theory.   
• The material of the internal pipe is elastic, homogeneous and isotropic. 
• The outer cylinder is rigid. 
• The internal and external fluids are Newtonian, incompressible and fully 
developed. 
• Steady Flow.    
2. Performing dimensionless analysis for the models described above. 
3. Exploring different end conditions, e.g. free, pinned, clamped, etc. 
4. Invoking modal coordinates in dicretizing the obtained partial differential 
equations.  
5. Solving the model numerically using MATLAB® . 
6. Applying the current model to the two following different case studies by 
adopting appropriate assumptions and boundary conditions: 
a) Vibration of a tube in a double-pipe (double concentric tube) heat 
exchanger.  
 In this type of heat exchangers, one fluid flows through the inside pipe 
(tube-side flow) and the second fluid through the annular space between 
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the outside and the inside pipe (shell-side flow). In this case, pipe rotation 
is not included. It will be assumed that the velocities of the tube-side and 
shell-side flows are independent.  
b) Vibration of a rotating drillstring. 
The proposed model in this work may represent the system inspired by 
drilling applications. The system consists of a hollow rotating drill pipe 
containing circulation fluid, which flow downwards through the bit, and 
then upwards through the borehole to the surface.  It will be assumed that 
velocities of inside and outside fluids are dependent.  
7. Estimation of the axial, lateral and torsional natural frequencies of the system. 
8. Investigating the effect of selected design parameters on the natural frequencies 
and stability of the system. 
 
1.4 Organization  
        In this dissertation, comprehensive nonlinear dynamic models for both stationary 
and rotating flexible pipe conveying fluid and subjected to external axial are derived for 
different end conditions. 
        In chapter 2, the nonlinear dynamic model of extensible flexible pipe conveying 
fluid and subjected to external axial flow is formulated. 
         Derivation of the governing equations of motion of inextensible flexible rotating 
pipe and subjected to external axial flow is performed in chapter 3. Also many case 
studies are presented in this chapter. Another study is performed in chapter 4 to formulate 
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the equations of motion of extensible flexible rotating pipe and subjected to external axial 
flow. 
        Chapter 5 is devoted to present the governing equations of motion of all models 
derived in chapters 2, 3 and 4 in the dimensionless form. 
        Solution methodology and adopted discretization technique are discussed 
extensively in chapter 6. 
        Numerical results for different case studies are carried out in chapter 7. This chapter 
includes several parametric and comparison studies. 








NONLINEAR DYNAMIC MODELING OF EXTENSIBLE 
FLEXIBLE PIPE CONVEYING FLUID AND SUBJECTED 
TO EXTERNAL AXIAL FLOW 
 
      In this chapter, the nonlinear equations of motion of a flexible pipe conveying fluid 
and subjected to external flow are derived based on Energy methods. 
 
2.1 The Problem Statement 
       Consider the planar motion of the flexible pipe shown in figure 2.1.The model 
consists of a uniform tubular pipe of length L, cross sectional area A, mass per unit length 
m and flexural rigidity EI. The pipe is conveying fluid of mass per unit length M, flowing 
axially with velocity Ui, while an external fluid of mass  density ρf, o, flows in reverse 
direction in the annulus formed by the inner pipe and an outer rigid cylinder with velocity 
Uo. The main assumptions underlying this formulation are:  
• The internal pipe is slender, and obeys Euler-Bernoulli theory.   
• The material of the internal pipe is elastic, homogeneous and isotropic. 
• The outer cylinder is rigid. 
• The internal and external fluids are Newtonian, incompressible and fully 
developed. 
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• The internal flow is fully developed turbulent and may be approximated by a 
plug flow (i.e. as if it were an infinitely flexible rod traveling through the pipe 
, then all points of the fluid having the same velocity relative to the pipe). 
• Steady flow such that the mean velocities of the internal and external flows 
are constants and free from pulsation. 
•  The motion is planar due to symmetry in X-Y and X-Z planes. 
• The strain in the pipe is considered small while deformation could be large. 
• The pipe is assumed to be initially lying horizontally in the X-Y plane. 
• Pipe ends are assumed to be fixed, therefore; inextensibility condition is not 
applicable. 
 
2.2     Order of Magnitude Considerations 
           Although the deflection of the pipe could be large, only cubic nonlinear terms 
will be retained in the final equations of motion; thus, an order of magnitude analysis will 
be useful. The lateral displacement v is assumed to be small relative to the length of the 
pipe, while the longitudinal displacement u is much smaller than v and should have 
higher order of magnitude [34], accordingly, one may state that: 
                                                  v ~ Õ ( Є)     ,    u ~ Õ ( Є2)                                          (2.1) 
where (Є<< 1). 
One should consider that the various expressions of kinetic and potential energies are 
kept at Õ ( Є4), since the variational technique always requires one order higher than the 
order of final equations. 
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2.3     Kinetic Energy Expression 
          The kinetic energy of the aforementioned system is made up of the following: 
 Kinetic Energy of the pipe, Tp. 
 Kinetic Energy of the internal fluid, Tf. 
 
         2.3.1 Kinetic energy of the pipe  
                 The deformed configuration of the pipe in X-Y plane is shown in figure 2.2. 
The Lagrangian coordinates are introduced here as (X, Y), corresponding to original 
equilibrium state of the pipe, (i.e. the material point þo). The Eulerian coordinate system 
is denoted by (x, y), corresponding to the current configuration of the pipe, (i.e. the 
material point þ). The displacements (u, v) are defined as follow: 
                                             YyvXxu −=−= ,                                             (2.2)   
The global position of the material point þ after deformation can be written as    
                                            ( ) ( ) jYviXujyixRp +++=+=                                (2.3)         
 
Thus  
                                                    jtxvitxuR p ),(),( &&& +=                                           (2.4) 
where 
u (x,t) : axial shortening due to bending. 
v(x,t): lateral deformation of the pipe in X-Y plane at a distance x measured from the 
fixed end of the pipe along the neutral axis in the undeformed configuration and at time 
t.  
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Then the kinetic energy of the pipe can be written as  
                                                 [ ] dXvumT Lp 22
02
1 && += ∫                                    (2.5) 
where 
m: mass per unit length of the pipe. 
L: length of the pipe. 
 
 
     2.3.2 Kinetic energy of the internal fluid  
             The basic assumption underlying estimation of kinetic energy of the internal 
flow is approximating the internal flow by a plug flow, i.e. as if it were an infinitely 
flexible rod traveling through the pipe, and therefore all points of the fluid having a 
velocity Ui relative to the pipe. This is an adopted approximation for a fully developed 
turbulent flow [34].  
This implies that   
                                                     τ)(1 XUVV pf +=                                                     (2.6) 
where 
Vf : absolute velocity of the fluid. 
Vp: velocity of the pipe. 
U1(X): flow velocity of the internal flow after pipe deformation. 
τ : unit vector tangential to the pipe, shown on figure 2.2. 
The unit vector tangential to the pipe can be defined as  







∂=τ                                                   (2.7) 
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where s is the curvilinear coordinate along the pipe 
Note that, for extensible pipe δ X and δ s are not equal, but they are related as [3]  






                                                     (2.8) 
where ε  is  the axial strain along the centerline of the pipe. 
On the other hand, the flow velocity after deformation U1 could be related to the average 
velocity before deformation Ui in a manner such that 






AUXU                                           (2.9) 
where  
A: cross sectional area of the pipe before deformation. 
A1: cross sectional area of the pipe after deformation. 
By substituting equations (2.8) into equation (2.7), one obtains  










′= jviujyix εεεετ 11
1
11
                           (2.10) 
where ( ) ( ) X∂∂='  
Using equations (2.9) and (2.10), the kinetic energy of the internal flow can be written as      
                           



















































where M is the mass of the internal fluid per unit length of the pipe and prime denotes 
differentiation with respect to X. 
The total kinetic energy of the system can be determined by adding equations (2.5) and 
(2.11), i.e.      
                             






















                  (2.12) 
 
2.4 Potential Energy Expression 
    The system’s potential energy is made up of the elastic pipe-bending strain energy Vb 
and strain energy due to axial deformation Va. 
  
      2.4.1 Strain energy due to bending 
              Following the analysis presented by Stocker [35], the strain energy due to 
bending can be expressed by 




κε                                          (2.13) 
where κ  is the curvature of the centerline of the pipe. 
Let φ be the inclination angle of the pipe and the X axis at a general point; as shown in 
figure 2.2, and s is the curvilinear coordinate along the pipe. Now, for a pipe 
undergoining planar motion, either extensible or inextensible, the curvature κ is given by 
                                                          s∂
∂= φκ
                                                       (2.14) 
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Using equation (2.8), the curvature κ  in terms of X coordinate can be stated as  






1                                                   (2.15) 
Based on the pipe deformed geometry, the angle φ  can be defined as  






∂∂+=                                                   (2.16) 






∂∂=                                                      (2.17) 
Using equations (2.16) and (2.17), one can write that 
 

































                                       (2.18) 
By substituting equation (2.18) into equation (2.15), we get    





























                                       (2.19) 
The strain is stated by [3] as 
                                                 2
2
1 vu ′+′=ε + Õ ( Є4 )                                         (2.20) 
Substituting equations (2.19) and (2.20) into equation (2.13) and retaining terms up to 
fourth order, one obtains the following expression for the beam bending potential energy 
Vb  
                                   [ ]dXuvvvvuvvIEV Lb ′′′′′−′′′−′′′−′′= ∫ 2222 22220                         (2.21) 
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       2.4.2 Strain energy due axial deformation 
                 Based on the stress-strain relationship, the strain energy according to axial 
deformation Va is expressed by 






ε                                                  (2.22) 
Other components of strain energy due to axial deformation are associated with the 
tension T
(
 and differential pressurization force P.  
For generalization, all these components are considered in this analysis. Now, the 
potential energy due to axial deformation can be rewritten as  













                                      (2.23) 
where 
P: fluid pressurization force. 
T
(
: Tension in the pipe either externally applied or associated with frictional forces. 
By substituting equation (2.20) into equation (2.23) and retaining terms up to fourth order 
yields                      







































          (2.24) 
Hence, the total potential energy expression can be written as   
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2.5  The Lagrangian Function 
        The Lagrangian function L~ is defined as  
                                                   VTL −=~                                                     (2.26) 
where 
T: Total kinetic energy of the system. 
V: Total potential energy of the system 
Using equations (2.12) and (2.25), the Lagrangian function can be written as 
              
[ ] [ ] [ ]
( )
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2.6 Hydrodynamic Forces 
       Referring to figure 2.3, which shows an element of the pipe, the hydrodynamic 
forces acting on the pipe are 
 The inviscid hydrodynamic force, FA. 
 Normal frictional force FN. 
 Longitudinal frictional forces, FL. 
 Hydrostatic pressure forces in the x and y directions, Fpx and Fpy respectively. 
 
       2.6.1 Inviscid hydrodynamic forces 
                To determine the inviscid hydrodynamic forces, Lighthill’s model of slender 
body theory [36] is adopted in this formulation. 
Referring to figure 2.4, we can define the relative fluid-body velocity by 
                                                         frf UxyV −+= &&                                                     (2.28) 
where Uf  represents the axial flow velocity relative to the axially deformed pipe. This 
relative velocity is related to the axial velocity of the external flow in same manner 
presented in [12]. However by reversing the sign of Uo to account for the direction of the 
external flow, one obtains that: 







uUU of 1                                                 (2.29) 
Let’s consider figure 2.4 which shows an element δ X subjected to deformation by the 













































The angle φ represents the angle between longitudinal axis of the element and X-axis, 
while θ represents the angle between relative fluid-body velocity Vrf and the X-axis. 
Projecting the relative fluid-body velocity on j1, one can find that 
                                                  ( ) φφ sincos xUyV frf && −+=                                       (2.30) 
Referring to figure 2.4, the angle between the longitudinal axis of the element and X-axis 
can be found as 


















/tan 11φ                                (2.31) 
Using series expansion, we can write 
                    +′−= 2
2
11cos vφ  Õ ( Є4 )    ,   +′−′′−′= 3
2
1sin vvuvφ  Õ ( Є5 )           (2.32) 
By substituting equations (2.29) and (2.32) into equation (2.30) and retaining terms up to 
fourth order, we get 
                                      vuvUvuUvvvUvV ooorf ′−′+′′+′−′−= &&& 32 2
12
2
1                     (2.33) 
The next step involves the extension of Lighthill’s linear potential flow theory to a third 
order nonlinear formulation. It is important to recognize that the inviscid hydrodynamic 
force is equal to the lift force in magnitude, but acts in opposite direction. Lopes et al. 
[12] obtained linear and nonlinear expressions for the inviscid hydrodynamic force based 
on the following assumptions: 
• The fluid doesn’t penetrate the cylinder. 
• The fluid velocity of the external flow Uo normal to the outer cylinder is zero. 
    In this work, a nonlinear expression for this force is used, and therefore, the inviscid 
hydrodynamic force can be obtained as 
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( ) ( )[ ]
( ) ( ) ( )




























2                  (2.34)  
where Ma is the added hydrodynamic mass per unit length of the annular flow.  
Noting that Uo is constant and simplifying equation (2.34) yields  




























             (2.35) 
Based on the geometry provided in figure 2.1, the added hydrodynamic mass of the 
annular flow can be expressed as [33] 










+=                                     (2.36) 
where 
Dch : inner diameter of the outer cylinder. 
Do: outer diameter of the pipe. 
Ao: external cross sectional area of the pipe. 





    2.6.2 Frictional forces 
             The frictional forces are formulated along the same lines proposed by Taylor 
[37], which stated that 
                                         ( )ψψρ 22 sinsin
2
1
DPNooN CCUDF +=                              (2.37) 
                                         ψcos
2
1 2
TooL CUDF =                                                      (2.38) 
where 
CDP: The form- drag coefficient due to the normal component. 
CN: Friction coefficient in normal direction. 
CT: Friction coefficient in tangential direction. 
ψ :Angle of attack such that  ψ = φ + θ. 
By referring to figure (2.4), the angle between the relative fluid-body velocity Vrf and X 
can be defined as 









/tan 1θ                                                       (2.39) 
Or, 









v &&&&θ  Õ ( Є5 )                                    (2.40) 
Then, one can write 





v&θ  Õ ( Є4 )                                              (2.41) 









v &&&&θ  Õ ( Є5 )                               (2.42) 
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By combining equations (2.31), (2.40) and (2.41), one can obtain 












&&ψ  Õ ( Є4 )                                                (2.43) 




















&&&&&&ψ  Õ ( Є5 )      (2.44) 
By substituting equations (2.43) and (2.44) into equations (2.37) and (2.38) and relating 
Uf  to Uo through equation (2.29), one obtains          



































































ρ                    (2.45) 





















&&ρ                        (2.46) 
In some analyses, distinct values of CN and CT are used; however, the simplified form CN 
= CT = Cf is frequently used. The value of the frictional damping coefficient can be 
estimated based on Swamee and Jain formula [38], in which the frictional coefficient CT 
can be obtained directly in terms of the Reynolds number Re, and relative roughness of 
the pipe
D




















eCT .  
On the other hand, the value of the frictional damping coefficient was estimated semi-
empirically by Hannoyer and Paidoussis [30] as 0.0125. This value is adopted in the 
numerical simulations presented in Chapter 7. 
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    2.6.3 The hydrostatic pressure forces 
              Following the procedure in Lopes et al. [12], the hydrostatic pressure forces Fpx 
and Fpy shown in figure 2.3, which are the resultants of the steady state pressure po acting 
on the outer surface of the pipe element, and noting that po varies linearly with X, such 
forces are found for a constant section of the pipe to be  









1                                            (2.47) 












1          (2.48) 
Furthermore, by assuming the lateral movement of the pipe to have a negligible effect on 
the axial pressure distribution [11], one may write 











                                   (2.49) 
where Dh  is the hydraulic diameter of the outer cylinder, which can be defined as  
                                                         




                                                (2.50) 
By substituting equation (2.49) into equations (2.47) and (2.48), one obtains 









⎛ ′+′−=− 2,2 2
1
2
1 ρ                   (2.51) 



























                     (2.52) 
In order to estimate the pressure distribution po, following the same procedure introduced 
in [11], one notes that 
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1                                         (2.53) 
Now, integrating equation (2.49) from X to L, one obtains 










1)()( ρ                 (2.54) 
where  po(L) is the pressure at the downstream end of the pipe, which may be represented 
by 
                                                       ( ) oooo ApLpA ν21)( −=                                         (2.55) 
where 
ν : Poisson ratio. 
op : the value of po at 2
LX = . 
 
2.7 Equations of Motion 
      The equations of motion and the boundary conditions for a flexible pipe conveying 
fluid and subjected to external axial flow are derived using extended Hamilton's 
principle. 
 
       2.7.1 Hamilton's principle 
                The energy method is based on Hamilton's principle, which states that, of all 
the varied paths satisfying the prescribed initial and final configuration, the actual ( true) 





dtLI ~~ , where to and tf denote the initial and final time 
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instants. By including work done by the non-conservative forces within the integrand, we 
get the extended Hamilton’s principle, which states 










~ δδ                                           (2.56) 
Using the variation of the functional I~ and noting the fact that the variation and integral 
operators commute, then the extended Hamilton's principle can be written as  





~ δδ                                            (2.57) 
where δWnc  denotes the virtual work done by non-conservative forces and not included 
in the Lagrangain function. 
It is important to note that even if there are no explicit external forces applied to the pipe 
conveying fluid, δWnc in equation (2.56) does not vanish if one or both ends of the pipe 
were not fixed [3]. This issue will be discussed in more details in chapter three. 
 
    2.7.2 Variation of the Lagrangian function 
             In order to perform the variation of the Lagrangian function, it is essential to 
specify the boundary conditions, which can be stated as  
                                                      ( ) ( ) 000 ==== xvxu                                             (2.58) 
                                                      ( ) ( ) 0==== LxvLxu                                            (2.59) 
                                                     ( ) ( ) 00 ==′==′ Lxvxv                                           (2.60) 
Substituting equation (2.27) and (2.58-2.60) in the variational formula, and after 
algebraic manipulations, including several integrations by parts, one can obtain  
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( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )



















































































  (2.61)       
                                                                                                                                        
2.7.3 Total virtual work of external fluid hydrodynamic forces 
            Referring to figure 2.3, the virtual work of the external hydrodynamic forces in 
x-direction can be expressed as   





NALpxx δφφδ ∫ ∫ +++−=
0
sincos                      (2.62) 
Then, using equations (2.32), (2.35) and (2.45-2.46), and after some mathematical 
manipulations, the following expressions can be obtained 


















&&ρφ                                      (2.63)                
               














































(2.64)    
Substituting equations (2.51), (2.54-2.55), (2.63) and (2.64) into equation (2.62), and 
retaining the terms up to 3rd order of magnitude, one can obtain the virtual work in x-
direction as                
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( ) ( ) ( )
( )( )
































































































































            (2.65) 
Referring to figure 2.3, the virtual work of the external hydrodynamic forces in y-
direction can be expressed as   








+−+= ∫ ∫                         (2.66) 
Now, using equations (2.32), (2.35), and (2.45-2.46), and after some mathematical 
manipulations, the following expressions can be obtained 
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By substituting equations (2.52), (2.54-2.55), (2.67) and (2.68) into equation (2.66), one 
can obtain the virtual work in y-direction as 




















































































































































































































                                                                                                                                      (2.69) 
One may observe that the total virtual work of the external fluid hydrodynamic forces is 
the summation of equations (2.65) and (2.69). 
 
    2.7.4 Formulation of equations of motion 
             Substituting equations (2.61), (2.65) and (2.69) into the extended Hamilton's 
principle given by equation (2.57), one eventually finds the following two coupled 
equations of motion; one in the X coordinate and the other in Y coordinate, which 
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describe the motion of an extensible pipe conveying fluid and subjected to counter 
external axial flow : 
        
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( )( )
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(2.71)                         
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It is important to recognize that P represents the net differential pressure force, which can 
be related to the internal flow pressure pi and external flow pressure po at X=L such that 
                                                  ( ) ( )LpALpAP ooif −=                                             (2.72) 
where Af is the internal cross sectional flow area. 
Utilizing equation (2.72), the governing equations of motion can be rewritten as  
 
                         
( ) ( ) ( ) ( )
( ) ( )( )
( ) ( ) ( ) ( )
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     (2.73) 
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( ) ( ) ( ) ( ) ( )( )
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    (2.74) 
On the other hand, by following a procedure similar to that introduced in [11], the tension 
T
(
 can be expressed as 






∂ (                                            (2.75) 
Using the relation derived previously in equation (2.10), one may write                                               
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                                              (2.76) 
Substituting equation (2.76) into equation (2.75), and integrating from X to L, one obtains 
                                        ( )uXLCUDLTXT Tooof −−⎟⎠
⎞⎜⎝
⎛+= 2,2
1)()( ρ((                      (2.77) 
 where ( )LT(  is the tension at the downstream end of the pipe, and can be represented by 











,ρ(                            (2.78) 
where T is the externally imposed uniform tension. 
Finally, one may express the tension T
(
as  


















, ρρ(             (2.79) 
By substituting equation (2.79) into the Lagranginan function given by equation (2.27), 
performing the variational analysis for all terms includingT
(
, and after mathematical 
manipulations, the governing equations of motion can be expressed as 
 
       
( ) ( ) ( ) ( ) ( ) ( )( )
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A remarkable feature of the governing equations of motion is the absence of the fluid-
frictional force of the internal flow. It should be recognized that these forces play no role 
in the dynamics of the system, since they were accounted by its twin effects; a tension on 
the pipe and a pressure drop of the fluid. More investigations of the nonlinear equations 
of motion are provided in Chapters 6 and 7. 
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2.7 Dissipative Forces Due to Material Damping 
       One of the simplest models used to simulate the damping of materials is the Kelven-
Voigt model [34]. In this model, the relationship between stress and strain is written as  
                                                       
dt
dEE εεσ *+=                                                   (2.82) 
where σ is the stress and ε is the strain, as defined in equation (2.20). The same model 
(i.e. Kelvin-Voigt) can also be used to represent dissipative forces in the material during 
bending of the pipe. Following the approach of Stoker [35], such dissipative force can be 
implemented directly into the equations of motion by performing the following 
substitution into the equation of motion 








aEE 1                                                  (2.83) 
where a is the coefficient of Kelvin-Voigt material damping. 
By substituting equation (2.83) into the obtained equations of motion, the equations of 
motion can be written as follows:                
     
( ) ( ) ( ) ( ) ( )
( ) ( )( ) ( )( ) ( )
( ) ( ) ( ) ( )
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NONLINEAR DYNAMIC MODELING OF INEXTENSIBLE 
ROTATING FLEXIBLE PIPE CONVEYING FLUID AND 
SUBJECTED TO EXTERNAL AXIAL FLOW 
 
 
     In this chapter, the nonlinear equations of motion of a cantilevered flexible rotating 
pipe conveying fluid and subjected to external axial flow are derived using Lagrangian 
approach.  
 
3.1 The Problem Statement 
      Consider the motion of a flexible pipe shown in figure 3.1.The model consists of 
rotating uniform tubular pipe of length L, cross sectional area A, mass per unit length m 
and flexural rigidity EI. The pipe is conveying fluid downwards. The fluid of mass per 
unit length M, flowing axially with velocity Ui, while the external fluid of density ρf,o is 
flowing in reverse direction with velocity Uo in the annulus formed by the inner pipe and 
an outer rigid cylinder . The main assumptions underlying the formulation may include 
the following:  
• The internal pipe is slender, and obeys Euler-Bernoulli theory.   
• The material of the internal pipe is elastic, homogeneous and isotropic 
• The outer cylinder is rigid. 
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• The internal and external fluids are Newtonian, incompressible and fully 
developed. 
• The internal flow is fully developed turbulent and may be approximated by a 
plug flow, (i.e. as if it were an infinitely flexible rod traveling through the 
pipe, then all points of the fluid having the same velocity relative to the pipe).  
• Steady flow conditions such that the mean velocities of internal and external 
flows are constants and free from pulsation. 
• Fixed-free end conditions are assumed, and therefore; inextensibility 
condition is utilized. 
• External flow is represented by the induced hydrodynamic forces. 
 
3.2 Order of Magnitude Considerations 
       Although large deflections of the pipe are considered, only cubic nonlinear terms 
will be retained in the final equations of motion; thus, an order of magnitude analysis will 
be useful. The lateral displacements v, w and the angle of rotation φ are considered small 
relative to the length of the pipe, while the longitudinal displacement u is much smaller 
than v and w, therefore u should have higher order of magnitude [3]. Accordingly, one 
may state that: 
                    v ~ Õ ( Є)     , w~ Õ ( Є)    ,     φ ~ Õ ( Є)     ,    u ~ Õ ( Є2)                      (3.1) 
where (Є<< 1). 
One should note that the various expressions of kinetic and potential energies should be 
kept at Õ ( Є4), since the variational technique always requires one order higher than the 
order of final equations.  
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3.3 Kinetic Energy Expressions 
       The kinetic energy of the above described pipe system is composed of the 
following: 
 Kinetic Energy of the pipe due to translation, Tp, t. 
 Kinetic Energy of the pipe due to rotation, Tp, r. 
 Kinetic Energy of the internal fluid due to translation, Tf,  t. 
 Kinetic Energy of the internal fluid due to the pipe flexure , Tf, r. 
 
    3.3.1 Kinetic energy of the pipe due to translation 
             The deformed configurations of the pipe in both X-Z and X-Y planes are shown 
in figures 3.2 and 3.3, respectively. The Lagrangian coordinate is introduced here as (X, 
Y, Z) corresponding to the original equilibrium state of the pipe, (i.e. the material point 
þo).  The Eulerian coordinate system is denoted as (x, y, z) corresponding to the current 
configuration of the pipe, (i.e. the material point þ). The displacements (u, v, w) are 
defined as follows: 
                           ZzwYyvXxu −=−=−= ,,                      (3.2)   
The global position of the material point þ after deformation can be written as    
                                      ( ) ( ) ( ) kZwjYvitzuXR p +++++= ),(                           (3.3)                         
Thus  
                                                       kwjviuRp &&&& ++=                                               (3.4)  
where 
u (x, t) : axial shortening due to bending. 
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w (x, t): Lateral deformation of the pipe in X-Z plane at a distance x measured from the 
fixed end of the pipe along the neutral axis in the undeformed configuration and at time 
t. 
v (x, t): Lateral deformation of the pipe in X-Y plane at a distance x measured from the 
fixed end of the pipe along the neutral axis in the undeformed configuration and at time 
t. 
By noting that X = s under inextensibility condition, then the kinetic energy of the pipe 
due to translation can be written as  
                                                  [ ] dsuvwmT Ltp 222
0
, 2
1 &&& ++= ∫                                 (3.5) 
where 
m: Mass per unit length of the pipe. 




































Figure 3.1: Cantilevered rotating pipe conveying fluid and subjected to 



















































































    3.3.2 Kinetic energy of the pipe due to rotation 
             The x y z coordinate system (corresponding to the Cartesian coordinate after 
deformation) is rotated with respect to X Y Z coordinate system (corresponding to 
Cartesian coordinate prior to deformation) through a set of angles as shown in figure 3.4. 
The general orientation of the pipe element cross-section can be described by first 
rotating it by an angle ϕ around the X axis, then an angle θz around the new z axis (z1), 
and then by an angle θy around the final y axis (y2). The instantaneous angular velocity 
vector ω of the x y z frame can be expressed as    
                                              21 jkI yz θθϕω &&& ++=                                                (3.6) 
where I, k1 and j2 are unit vectors along X, z1 and y2 axes respectively. 
Transforming equation (3.6) into X Y Z coordinate system and assuming θy andθz to be 
small angles, one gets 






































                                      (3.7) 
Then kinetic energy expression can be written as follows 
                                                  Crp HT .2
1
, ω=                                                       (3.8) 
where HC  is the angular momentum relative to the center of the mass and given as :                  
   kIIIjIIIiIIIH yyzyxzzzzzyzxxyyyyzxzyxyxxxC )()()( ωωωωωωωωω −−+−−+−−=  (3.9)                               
Since the three coordinate planes are planes of symmetry of the pipe, then all products of 
inertia vanish. Therefore, 
                                 kIjIiIH zzzyyyxxxC )()()( ωωω ++=                                 (3.10)                         
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where 
 Ixx : mass moment of inertia about x-axis. 
Iyy : mass moment of inertia about y-axis. 
Izz : mass moment of inertia about z-axis. 
Note that Iyy= Izz   for the circular pipe. 
 
By defining     (Iyy / L) = (Izz / L) = ID     and      (Ixx / L) = Ip , and substituting equation 
(3.10) into equation (3.8) one gets 








1 θθθθϕθθϕ &&&&&&               (3.11) 
 
    3.3.3 Kinetic energy of the internal flow due to translation 
             The basic assumption that will be used in estimating the kinetic energy is that 
the internal flow is approximated by a plug flow, i.e. as if it were an infinitely flexible rod 
traveling through the pipe, while all points of the fluid have velocity Ui relative to the 
pipe. This is an acceptable approximation for a fully developed turbulent flow [34], 
which implies  
                                                      τipf UVV +=                                                      (3.12) 
where 
Vf : translational velocity of the fluid. 
Vp: translational velocity of the pipe. 
Ui : average velocity of the internal flow. 

























The unit vector τ  tangential to the pipe can be defined as  























∂= 1τ                             (3.13)                         
By substituting equations (3.4) and (3.13) into equation (3.12), the kinetic energy of the 
internal flow due translation can be expressed as  
                  
























           (3.14)                       
where M is the mass of internal fluid per unit length of the pipe and prime (' ) denotes the 
derivative with respect to the curvilinear coordinate  s. 
The associated inextensibility condition [8] can be stated as  






































x                   (3.15) 
Equation (3.14) can be simplified using the inextensible condition as 
 
                    




























    3.3.4 Kinetic energy of the internal flow due to the pipe flexure 
             The kinetic energy of the internal fluid due to rotation is limited to those 
rotations about y and z axis [39], which are associated with the pipe motion in lateral 
directions, while the effect of fluid friction forces induced by the inner wall of the pipe 
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due to its rotation will be taken into account in the potential energy expression. 
Accordingly, one may express the kinetic energy of the fluid due to rotation as follows:  




1 θθ &&                                       (3.17) 
where ID, f   is mass moment of inertia of the fluid per unit length about y and z axis. 
 
    3.3.5 Total Kinetic Energy Expression 
             The total kinetic energy expression is the summation of the kinetic energies of 
the pipe and fluid due to the translation and rotation. Combining equations (3.5), (3.11), 
(3.16) and (3.17), we obtain 
                         
( ) [ ] [ ]
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      (3.18) 
By recognizing that bending deformations are related to rotations as 




∂= ,θ                                                      (3.19) 




∂−= ,θ                                                    (3.20) 
Substituting equations (3.19-3.20) into equation (3.18), it is found that  
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     (3.21) 
 
Equation (3.21) can be written in a more compact form such  
 
                                    
                       
( ) [ ] [ ]
( ) [ ]













































      (3.22) 
 
where prime  (' ) denotes the derivative with respect to the curvilinear coordinate  s. 
 
 
3.4 Potential Energy Expression 
        The system potential energy is made up of the elastic pipe-bending strain energy Vb ,  
strain energy due to torsion Vt and strain energy due to gravity Vg. One should recognize 
that according to conventional inextensible theory, the centerline of the pipe is assumed 
to be unstretched, and the steady flow-induced forces due to pressure and tension forces 
 64
are entirely neglected [34]. On the other hand, the steady flow-related forces should be 
taken into account in the case of extensible condition. 
 
    3.4.1 Strain energy due to bending 
             Similar to the analysis presented in chapter two, and by considering the assumed 
inextensible condition, the strain energy due to bending can be written as  




2∫= κ                                                (3.23)                         
where  
κ ( s ): Curvature of the centerline of the pipe at s . 
I : Area moment of inertia of the pipe. 
Note that, for the three-dimensional analysis, it is important to consider the bending in 
both X-Y and X-Z planes. 
Following the analysis presented in [40], the curvature may expressed as 
                                                    
LL
ts 21),( φφκ ′+′=                                              (3.24) 
Referring to figure 3.2, one notes that 




w ′=′= 21 sin,sin φφ                         (3.25)                         
where φ1 and φ2 are the elastic slopes at a position s in the X-Z and X-Y planes 
respectively, and the prime denotes a derivative with respect to the arc length s. By 
differentiating equation (3.25), and using the following trigonometric relations 
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w φφφφ            (3.26) 
Then, one gets                                     
























w φφ                (3.27) 




w  and 






















v   in the resulting equation into 
power series , while retaining terms up to fourth order and substituting the result into 
equation (3.23), yields the following expression for the pipe bending potential energy 




               (3.28) 
                                                                     
    3.4.2 Strain energy due to torsion 
             The strain energy Vt due to torsion is given by 





ϕ ′= ∫                                                (3.29)                       
where 
G: Modulus of rigidity for the pipe. 
J: polar moment of inertia for the pipe. 
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Other component of strain energy due to torsion should be considered as associated 
with the frictional torque Γ. By considering such component, then one can write strain 
energy as 









Γ+′Γ−′= ∫∫∫ ϕϕ                        (3.30) 
where Γ is the torque exerted on the pipe due to the fluid-induced frictional forces of the 
rotating pipe. 
 
    3.4.3 Strain energy due to gravitational field 
             The gravitational energy depends on the distribution of mass, and can be 
expressed in x direction as 
                                               ∫+−= Lg dxxgMmV
0
)(                                                  (3.31) 
where g is the gravitational acceleration.  
    3.4.4 Total potential energy expression 
             The total potential energy expression based on the conventional inextensibility 
condition is the summation of the potential energy due to bending, torsion, and 
gravitational potential energy. Using equations (3.28- 3.31), the total potential energy can 
be expressed as  
                  























                 (3.32) 
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If the modified inextensible condition is used, then one should consider the steady state 
forces associated with the differential change between internal and external pressures 
[34]. For the modified inextensible theory, equation (3.32) can be rewritten as  
                   































































              (3.33) 
where P is the force due to pressure difference between internal and external flow, as 
given by equation (2.72). The analysis performed hereafter is based on the conventional 
inextensible theory, while the issue of pressure difference will be treated separately in 
case of fixed-pinned end conditions. 
 
3.5 The Lagrangian Function 
       The Lagrangian function L~ is defined as  
                                                       VTL −=~                                                    (3.34) 
where 
T: Total kinetic energy of the system. 
V: Total potential energy of the system 
Using equations (3.22) and (3.32), then the Lagrangian function can be rewritten as  
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         (3.35) 
 
3.6 The Inextensibility Condition 
       The dependence of the kinetic energy on the axial shortening u and axial velocity u&  
can be eliminated by assuming that the pipe is undergoing inextensible 3-dimentional 
bending motion. The axial shortening u corresponding to the lateral deflections w and v 
of this inextensible bending motion is given by [40] as 










1 η                         (3.36)  
Differentiating equation (3.36) with respect to time, leads to the following expression for 
axial velocity u&  in terms of bending transverse deflections 
 












1 η&                          (3.37) 
 
Now, equations (3.36) and (3.37) can be used to eliminate the axial shortening term from 
the governing equations of motion. 
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3.7 Hydrodynamic Forces Exerted on the Pipe due to the Axial Motion 
of the External Flow 
        The hydrodynamic forces acting on the pipe may be summarized as follow: 
 The inviscid hydrodynamic force, FA . 
 Normal frictional force FN. 
 Longitudinal frictional forces, FL. 
 Hydrostatic pressure forces in the x, y and z directions, Fpx, Fpy and Fpz 
respectively. 
    3.7.1 Inviscid hydrodynamic forces 
             The inviscid hydrodynamic forces are evaluated using Lighthill’s model of 
slender body theory [36]. The derivation obtained previously in section 2.6.1 is used here, 
but the current analysis is extended in X-Z plane. 
The nonlinear expression for the inviscid hydrodynamic force can be expressed as  
     
























































              (3.38) 
where Ma is defined by equation (2.36). 
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    3.7.2 Hydrodynamic frictional forces 
            Based on the analysis presented in section 2.6.2, the normal and longitudinal 
frictional forces can be expressed, respectively, as 






































































































































ρ                                     (3.39) 

































&&&&ρ     (3.40) 
 
    3.7.3 The hydrostatic pressure forces 
             Based on the analysis presented in section 2.6.3, the hydrostatic pressure forces 
in x, y and z directions can be expressed, respectively, as 















1 ρρ        (3.41) 
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              (3.43) 
Also one should consider that 










1)()( ρρ                  (3.44) 
3.8 Hydrodynamic Forces Exerted on the Pipe due to the Pipe Rotation. 
           In this section, the hydrodynamic forces exerted by the external flow on the pipe 
due to the pipe rotation are investigated. 
    3.8.1 System description and modeling assumptions 
             Figure 3.5 shows the geometry of a rotating pipe in a fluid annulus [41]. The 
following simplifying assumptions in deriving the equations of motion will be used: 
 The flow modeled as being two-dimensional in Y-Z plane. 
 The external flow is assumed to be incompressible and fully developed turbulent 
flow with Reynold's Number Re larger than 5000, [41]. 
 The flow is assumed to be free of vortices [23]. 
 The radial gradients in the velocity and pressure fields are neglected. 
 The viscosity is constant throughout the film. 
 There is no slip at the wall (i.e.; between the fluid-solid boundaries). 
 The values of the annular clearance C to the rotor radius R, and the maximum 
deflection of the rotating pipe center δ to the annular clearance are within 
moderate values (up to C/R ~ 0.3 and δ/C ~ 0.2). Noting that for large clearance 


























    3.8.2 The hydrodynamic mass 
             Due to accelerated rotation of pipe inside the stationary outer cylinder, pressure 
will be developed causing fluid force on the inner pipe as 















+−=                                        (3.45) 
Also the hydrodynamics force associated with the hydrodynamic mass is given by 
                                                      ZmF HH &&−=                              (3.46)  
where, 
FH:  hydrostatic force 
rch: inside radius of outer stationary cylinder.  
ro: outside radius of inner rotating pipe. 
C: radial clearance, such och rrC −= . 
L: length of pipe. 
ρf, o: fluid density of the external flow 
Utilizing equations (3.45) and (3.46), one can write 


















−+=πρ                                        (3.47) 
By considering that the radial clearance C is small compared to the pipe radius R, and 
considering small thickness of the pipe, then the hydrodynamic mass can be defined as  





3ρπ=                                         (3.48) 
It is noted that this definition of mH agrees with that presented by Antunes et al. [23] for 
moderate values of the gap between the pipe and the outer cylinder, i.e. C/R ≤ 0.1. It is 
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important to recognize that the definition of mH presented in equation (3.48) is equivalent 
as definition to the integral of equation (2.36) over the length of the pipe for C/R ≤ 0.1.  
On the other hand, equation (2.36) is more accurate because it accounts of the pipe 
thickness and accommodates larger flow confinement. Therefore, equation (2.36) is used 
hereafter, such that (mH /L) = Ma . 
    3.8.3 Minimum film thickness 
            Annuls thickness and fluid velocity can be evaluated by applying the continuity 
equation. Referring to figure 3.5, we can define the following parameters:  
h:  minimum film thickness.  
  α  : location of minimum film thickness h. 
β:  angular coordinate of annular position which rotates with the pipe, and measured 
from the location of minimum film thickness h. 
λ: angular coordinate of annular position, such that  βαλ += .   
δ : maximum deflection of the center of the rotating pipe. 
Referring to figure 3.5, the annulus thickness h can be defined as  
                                                     )cos1( β∆−= Ch                                    (3.49) 
where ∆ is the ratio of the maximum deflection to the annular clearance , i.e. 
C
δ=∆ . 
    3.8.4 The continuity equation 
             The three dimensional continuity equation in the Cartesian coordinates is 
defined as  












ρρρρ                            (3.50) 
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Let us consider the continuum with respect to h in the Z-direction, and then equation 
(3.50) may be rewritten as: 






h                                                    (3.51) 
Upon using polar transformation, and equating equation (3.49) to equation (3.51), one 
obtains the following nonlinear equation   








h 1sincos &&&                             (3.52) 
By integrating equation (3.52) with respect toλ , the product of the annulus thickness and 
the fluid velocity u can be expressed as   
                                   )(cossin tmRCRCuh +∆−∆= βαβ &&                                    (3.53) 
where m(t) is the constant of integration. 
By applying boundary conditions (at 00 =∆=∆=⇒= &andCh δ ) to equation (3.53), 
which can be rewritten as    








&& ∆−∆+Ω=                 (3.54) 
where Ω denotes the angular speed. By substituting equation (3.49) into equation (3.54), 
one may write 











Ω= && RRRu                                   (3.55) 
In the analysis that follows, ∆ is treated as a small quantity ( 1<<∆ ). Multiplying 





∆+ , dropping nonlinear terms such that 002 =∆∆≅∆ &and , 
and after some mathematical manipulations one obtains 
                               βαββ cossin)cos1(
2
&& ∆−∆+∆+Ω= RRRu                                (3.56) 
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By differentiating equation (3.56) noting that αβ && −=  , one may finds that   
( )( )βαβαβαβββα cossincos2sin)cossin(
2
2 &&&&&&&&&& +∆−∆−∆+∆+∆Ω= RRRRu         (3.57) 
 
    3.8.5 Conservation of linear momentum  
 
             Applying the general equation of conservation of linear momentum in Z 
direction, the pressure distribution can be expressed as 












                                        (3.58) 
where bz is the body forces. 
By considering that the effective forces Feff relates proportionally to the velocity 
component due to pressure difference pu , we may write 





ufbF && ∆−∆+∆Ω==−=              (3.59) 
where ft represents the friction factor, which is defined for fully developed turbulent flow 
as, [41] 





ηΩ=                                                        (3.60) 
where η  represents the profile parameter, which is given by [40] as 14.1=η .  
Now, differentiating u with respect to λ, and substituting into equation (3.58), one finds 
after few mathematical manipulation including neglecting high order terms, that 






























λρ             (3.61) 
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In order to evaluate the pressure distribution, equation (3.61) is integrated with respect to 
λ to obtain 


































                (3.62) 
 
    3.8.6 Hydrodynamic forces in the rotating polar Coordinates 
 
            The fluid forces whose directions are shown in figure 3.5 are evaluated by 
performing the following integrations: 





cos~ dPRLFo                                                  (3.63) 





sin~ dPRLFQ                                                  (3.64) 
where Fo and FQ are normal and tangential hydrodynamic forces induced by the pipe 
rotation. 
Substituting equation (3.62) into equations (3.63) and (3.64), the hydrodynamic fluid 
forces are obtained as follow: 
                              ⎟⎟⎠
⎞
⎜⎜⎝
⎛ ∆+∆Ω−∆−∆+Ω∆=− tHo fCmF &&&&& 4
2
2αα                                 (3.65) 
                             ⎟⎠
⎞⎜⎝
⎛ ∆+∆Ω−∆+∆+∆Ω−=− ttHQ ffCmF ααα &&&&&& 22                        (3.66) 
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By recalling that 
C
δ=∆ , then equations (3.65) and (3.66) can be expressed as  
                                     ⎟⎟⎠
⎞
⎜⎜⎝
⎛ +Ω−−+Ω=− tHo fmF δδαδδαδ &&&&& 4
2
2                              (3.67) 
                                    ⎟⎠
⎞⎜⎝
⎛ +Ω−++Ω−=− ttHQ ffCmF αδδαδαδδ &&&&&& 22                  (3.68) 
 
    3.8.7 Hydrodynamic forces in the fixed Cartesian coordinates 
 
             The fixed Cartesian coordinates can be related to the rotating coordinate as  
                                αδαδ sin,cos == vw                                     (3.69) 
Now, using equation (3.69) and its derivatives, and after some mathematical 
manipulations, equations (3.67) and (3.68) can be expressed as  
                              ⎟⎟⎠
⎞
⎜⎜⎝
⎛ Ω+Ω+Ω−+=− vfvwfwwmF ttHZ 24
2
&&&&                                  (3.70) 
                             ⎟⎟⎠
⎞
⎜⎜⎝
⎛ Ω+Ω+Ω−+=− wfwvfvvmF ttHY 24
2
&&&&                                    (3.71) 
It is noted that when comparing equations (3.70) and (3.71) with the work presented by 
Antunes et al. [23], that both formulations are similar, except for the absence of higher 
order terms of ∆ in the current model. One should note that the absence of these higher 
terms have minor effects on the hydrodynamic forces since ∆ is treated as a small 
quantity ( 2.0≤∆ ). On the other hand, the current model accounts for the dissipative 
forces while the presented in [23] neglected these dissipative effects. Accordingly, one 
may consider that dropping of higher order terms of ∆ is considered acceptable 
approximation. 
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It is important to note that the inertial terms, which appeared in equations (3.70) and 
(3.71), are the same as those obtained within the hydrodynamic forces due to axial 
motion. Accordingly, as superposition is applied, they should be considered once in 
formulating the total hydrodynamic forces. 
 
3.9 Equations of Motion 
      The equations of motion of a rotating flexible pipe conveying fluid and subjected to 
external axial flow are derived using extended Hamilton's principle. 
    3.9.1 Hamilton's principle 
              The extended Hamilton's principle was defined previously in chapter 2, which 
states                                      










~ δδ                                        (3.72) 
It is important to note that, even if there are no explicit external forces applied to the pipe 
conveying fluid, δWnc in equation (3.72) does not vanish if one or both ends of the pipe 
were not fixed [3]. For the cantilevered pipe, which discharges fluid at the free end, one 
should consider that the fluid transfers energy to the pipe due to the motion at the free 
end. The virtual work done by the discharged fluid is equal to the product of the virtual 
displacement and the change of momentum of the fluid. In this case, equation (2.56) can 
be rewritten as [3]:  

























∂=+ δτδδ .~                   (3.73) 
where 
 80
rL: The position vector at the free end of the pipe. 
τL: The tangential unit vector at the free end of the pipe. 
 
    3.9.2 Variation of the Lagrangian function 
             In order to perform the variation of the Lagrangian function, it is essential to 
specify the boundary conditions, which can be stated based on the geometry of the 
problem as  
                             ( ) ( ) 0)0()0(00 ==′====′== swswsvsv                                 (3.74) 
                             ( ) ( ) ( ) ( ) 0==′′′==′′==′′′==′′ LswLswLsvLsv                          (3.75) 
Firstly, let's perform the variational analysis of the inextensibility condition, as given by 
































For simplicity, the variational analysis is performed separately for both kinetic and 
potential energy expressions. 
 
        3.9.2.1 Variation of the kinetic energy expression 
                    Upon applying Hamilton's variational operator to equation (3.22), and after 
some manipulations, one obtains 
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       (3.77) 
In order to eliminate u and its derivative, the inextensibility condition given by equation 
(3.36) can be used. In addition to equation (3.76), the following relation is introduced: 











                      (3.78) 
Upon using equations (3.36), (3.76) and the relation given by equation (3.78), the 
variation of kinetic energy can be expressed as follows:   
 
                        




( ) ( )
( ) ( ) ( )
( ) ( )
( )( ) ( )( )
( ) ( )
( ) ( ) ( )





















































































































































































































































        3.9.2.2 Variation of the potential energy expression 
                    Before performing the variational analysis of the potential energy 
expression, it is noted that Γ is a function of the angular velocity ϕ& , while the associated 
shear stress is given by [23], as 
                                                     22,2
1 Rfrof ϕρτ &=                                                   (3.80) 
where R is the internal radius of the pipe, and fr is the friction coefficient which is defined 
emperically.  
Now, we can evaluate the torque associated with frictional forces of the internal fluid due 
to rotation as 
                                                      2,2 ϕ&rfp fLI=Γ                                                     (3.81) 
where Ip,f  is the polar mass moment of inertia of the internal flow per unit length. 
Applying Hamilton's variational operator to equation (3.32), and after some mathematical 
manipulations, one obtains 
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        3.9.2.3 Variation of the Lagrangian function 
                       Utilizing equations (3.79) and (3.82), the variation of the Lagrangian 
function can be expressed as 
( ) ( )
( ) ( ) ( )
( ) ( )
( )( ) ( )( )
( ) ( )
( ) ( ) ( )
( ) ( )
( ) ( ) ( )
( ) ( ) ( )( )
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                                                                                                                                      (3.83) 
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        3.9.2.4 Virtual work done by the discharged fluid  
                    The terms associated with the end effects due to the open nature of the 
system are developed by substituting equations (3.3) and (3.13) into the right side of 
equation (3.73), thus yielding   








































   (3.84) 
The first term of equation (3.84) cancels out with the last term of equation (3.83). 
Regarding the second term, it can be simplified by considering the inextensibility 
condition such that: 0=′+′+′ wwvvuu δδδ , and utilizing equations (3.76) and 

































































































       






    3.9.3 Total virtual work of the external fluid hydrodynamic forces 
             The total virtual work of hydrodynamic forces associated with external fluid is 
due to the axial and rotational motion of the external flow. It is noted that the virtual work 
of these forces in x-direction is due axial motion only. Referring to figure 2.3, the virtual 
work of the external hydrodynamic forces in x-direction can be expressed as   





NALpxx δφφδ ∫ ∫ +++−=
0
sincos                         (3.86) 
Substituting equations (3.38-3.41) and equation (3.44) into equation (3.86), performing 
some mathematical manipulations, and retaining the terms up to 3rd order, one can obtain 
the virtual work in x-direction as 
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                                                                                                                                      (3.87) 
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Referring to figures 2.3 and 3.5, the virtual work of the external hydrodynamic forces in 
y-direction can be expressed as the superposition of the hydrodynamic forces due to axial 
and rotational motions, keeping in mind that repeated inertial terms should be used once 
as mentioned previously in section 3.8.7. Accordingly, the virtual work of the total 
external hydrodynamic forces in y-direction can be expressed as              








+−++= ∫ ∫                  (3.88) 
Substituting equations (3.38-3.42), (3.44) and (3.71) into equation (3.88), performing 
several mathematical manipulations and retaining terms up to 3rd order, one can obtain 







































































































































































































































Using similar procedure, as described above in y-direction, one can obtain the total 




















































































































































































































































                        
                                                                                                                                      (3.90) 
In order to eliminate the axial displacement u and its derivative, the inextensibility 
condition introduced by equation (3.36) is used. Upon substituting equations (3.36), 
(3.76) and (3.78), replacing Ω with ϕ&  for convenience, the total virtual work of 























































































































































































































































































































































































































































































































































































































































































































































                     
  
                                                                                                                   (3.92) 
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    3.9.4 Formulation of equations of motion 
             By substituting equations (3.83), (3.85), (3.91) and (3.92) into the extended 
Hamilton's principle given by equation (3.73), one eventually finds the following three 
coupled equations of motion in terms of v, w and φ which describe the motion of an 
inextensible rotating pipe conveying fluid and subjected to counter external axial flow : 
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and, 
                 ( )( ) ( )( ) 024 , =′+′−′′−′′+′′+ ϕϕϕϕϕϕ &&&&&&&&&& rfpp fLIJGwvvwI                (3.95) 
Full investigations of the emerged nonlinear terms are presented in Chapters 6 and 7. 
 
3.10 Dissipative Forces Due to Material Damping 
        By considering the Kelven-Voigt model presented in chapter two and utilizing 
equation (2.83), the equations of motion, including the internal damping of the pipe, can 
be expressed as  
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3.11 Case Studies 
         The obtained mathematical model for inextensible rotating pipe conveying fluid 
and subjected to external axial flow is a rich and flexible dynamical model, which can be 
modified to match several engineering applications as discussed hereafter in this section. 
 
    3.11.1 Fluid-free cantilevered flexible rotating pipe  
              The equations of motion (3.96-3.98) can be reduced to describe the motion of 
fluid-free flexible rotating pipe by eliminating both internal and external flows. 
Accordingly, the equations of motion of a cantilevered inextensible flexible rotating pipe 
mounted vertically can be expressed as: 
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and,                                                                                             











    3.11.2 Cantilevered rotating flexible pipe conveying fluid 
              The current model described by equations (3.96-3.98) may represent the 
dynamics of inextensible flexible rotating pipe by eliminating the effect of the external 
flow. It is found that such model has not been addressed in the literature. All previous 
studies in the literature tackled the dynamics of flexible pipe conveying fluid without 
considering the pipe rotation. The equations of motion which describe the dynamics of 
inextensible flexible rotating pipe can be stated as 
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                                                                                                                                    (3.103)                         
and 
 
       ( )( ) ( )( ) 024 , =′+′−′′−′′+′′+ ϕϕϕϕϕϕ &&&&&&&&&& rfpp fLIJGwvvwI                            (3.104) 
 
    3.11.3 Cantilevered flexible pipe conveying fluid and subjected to 
external axial flow 
            The equations of motion of non rotating pipe conveying fluid and subjected to 
external axial flow can be extracted from equations (3.96-3.97) .Similar case has been 
tackled by Paidoussis et al. [33], but that study was limited to the linear analysis and 
didn’t consider the inextensibility condition and the effects of the material damping. Full 
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nonlinear three dimensional model which accounts the dissipative forces due to material 
damping are described by the following equations of motion: 
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                                                                                                                 (3.106) 
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It is noted that equations (3.105) and (3.106) are identical for the stationary pipe, this is 
reasonable as all gyroscopic forces are absent. Accordingly, the system is symmetry in X-
Y and X-Z planes. 
 
    3.11.4 Cantilevered rotating flexible pipe conveying fluid downwards, 
which then flows upwards as a confined annular flow.  
             The equations of motion obtained in section 3.7 are sufficient to describe the 
motion of a rotating flexible pipe conveying fluid downwards, which then flows upwards 
as a confined annular flow. Such a model may represent the system inspired by drilling 
applications. The system consists of a hollow rotating drill pipe containing circulation 
fluid, which flow downwards through the bit, and then upwards through the borehole to 
the surface as shown in figure 3.6. It is clear that velocities of the inside and outside 
flows are dependent. The relation between the inside and outside flows can be established 
based on the continuity of the flow, such that 
                                                           chofi AUAU =                                                  (3.107) 
 
From equation (3.107), one may express the velocity of the external fluid Uo in terms of 
Ui as  










                                          (3.108) 
where 
Di : inner diameter of the pipe. 
Do: outer diameter of the pipe. 

















Figure 3.6: Cantilevered rotating flexible pipe conveying fluid downwards, 





Also, it is noted that the pressure at the end of the pipe po(L) would normally arise from 
the base drag at the free end of the pipe as defined in [12], such that  


















−== ρρ                     (3.109) 
where Cb is the base drag coefficient. 
For generality, the density of internal fluid ρf,i and the density of the fluid in the annulus 
ρf,o are assumed to have different values since  in drilling operations the internal fluid 
represents the circulation mud while the annular flow represents the mud together with 
the cutting debris, which is expected to have higher density.  
By substituting equations (3.99 -3.101) into the equations of motion (i.e. 3.96-3.98), then 
the equations of motion that represent the motion of the drill string can be expressed as 
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                  ( )( ) ( )( ) 024 , =′+′−′′−′′+′′+ ϕϕϕϕϕϕ &&&&&&&&&& rfpp fLIJGwvvwI             (3.112) 
The obtained equations of motion are function of lateral displacements and angle of 
rotation, while the axial deformation is absent due to the inextensibility condition. On the 
other hand, some experimental studies, such as [18], showed that the fixed-simple 
supported model may describe the motion of drill string more accurately than the 









NONLINEAR DYNAMIC MODELING OF EXTENSIBLE 
ROTATING FLEXIBLE PIPE CONVEYING FLUID AND 
SUBJECTED TO EXTERNAL AXIAL FLOW 
 
 
     In this chapter, the nonlinear equations of motion of extensible flexible rotating pipe 
conveying fluid and subjected to external axial flow are derived using Energy method. 
 
4.1 The Problem Statement 
     Consider the motion of the flexible pipe shown in figure 4.1.The model consists of 
rotating uniform tubular pipe of length L, cross sectional area A, mass per unit length m 
and flexural rigidity EI. The pipe is conveying fluid of mass per unit length M 
downwards, which flows axially with velocity Ui, while external fluid of density ρf,o, 
flows in reverse direction with velocity Uo in the annulus formed by the inner pipe and an 
outer  cylinder . The main assumptions underlying the formulation include the following:  
• The internal pipe is slender, and obeys Euler-Bernoulli theory.   
• The material of the internal pipe is elastic, homogeneous and isotropic 
• The outer cylinder is rigid. 
• The internal and external fluids are Newtonian, incompressible and fully 
developed. 
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• The internal flow is fully developed turbulent and approximated by a plug 
flow, (i.e. as if it were an infinitely flexible rod traveling through the pipe, 
then all points of the fluid having a velocity relative to the pipe).  
• Steady flow such that the mean velocities of internal and external flows are 
constant and free from pulsation. 
• Fixed-simply supported end conditions are assumed, and therefore; 
inextensibility condition is not applicable. 
• External flow is represented by the induced hydrodynamic forces. 
 
4.2 Order of Magnitude Considerations 
        Although large deflections of the pipe are considered, only cubic nonlinear terms 
will be retained in the final equations of motion; thus, an order of magnitude analysis will 
be useful. The lateral displacements v, w and the angle of rotation φ are considered small 
relative to the length of the pipe, while the longitudinal displacement u is much smaller 
than v and w, therefore u should have higher order of magnitude [3]. Accordingly, one 
may state that: 
                    v ~ Õ ( Є)     , w~ Õ ( Є)    ,     φ ~ Õ ( Є)     ,    u ~ Õ ( Є2)                      (4.1) 



















Figure 4.1: Fixed-simply supported rotating pipe conveying fluid and 







One should note that the various expressions of kinetic and potential energies should be 
kept at Õ ( Є4), since the variational technique always requires one order higher than the 
order of final equations.  
 
4.3 Kinetic Energy Expression 
      The kinetic energy of the above described model consists of the following: 
 Kinetic Energy of the pipe due to translation, Tp, t. 
 Kinetic Energy of the pipe due to rotation, Tp, r. 
 Kinetic Energy of the internal fluid due to translation, Tf,  t. 
 Kinetic Energy of the internal fluid due to the pipe flexure, Tf, r. 
 
    4.3.1 Kinetic energy of the pipe due to translation 
             The deformed configurations of the pipe in both X-Z and X-Y planes are shown 
in figures 4.2 and 4.3, respectively. Based on the analysis performed in section 3.3.1 and 
noting that X ≠ s for extensible pipe, the kinetic energy of the pipe due to translation can 
be written as  
                                                [ ] dXuvwmT Ltp 222
0
, 2
1 &&& ++= ∫                                           (4.2) 
where 
u (x, t) : axial shortening due to bending. 
w (x, t): lateral deformation of the pipe in X-Z plane at a distance x measured from the 










































































Figure 4.3: Deformed configuration of the pipe in X-Y plane. 
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v (x, t): lateral deformation of the pipe in X-Y plane at a distance x measured from the 
fixed end of the beam along the neutral axis in the undeformed configuration and at 
time t. 
m: mass per unit length of the pipe. 
 
  4.3.2 Kinetic energy of the pipe due to rotation 
            The kinetic energy of the pipe due to rotation is derived similar to that derivation 
performed in section 3.3.2, hence, we can express the kinetic energy of the pipe due to 
rotation as  








1 θθθθϕθθϕ &&&&&&                (4.3) 
where 
Ip : mass moment of inertia per unit length of the pipe about x-axis. 
ID: mass moment of inertia per unit length of the pipe about y and z axes. 
 
    4.3.3 Kinetic energy of the internal flow due to translation 
             The basic assumption that will be used in estimating the kinetic energy is that 
the internal flow is approximated by a plug flow, i.e. as if it were an infinitely flexible rod 
traveling through the pipe, while all points of the fluid have velocity Ui relative to the 
pipe. This is an acceptable approximation for a fully developed turbulent flow [30], 
which implies  




Vf : translational velocity of the fluid. 
Vp: translational velocity of the pipe. 
Ui : average velocity of the internal flow. 
τ : unit vector tangential to the pipe. 
The unit vector tangential to the pipe τ could be defined as  























∂= 1τ                      (4.5)                        
Following the procedure described in chapter 2, and by substituting the velocity of the 
pipe Vp presented in equation (3.4), and equation (4.5) into equation (4.4), we obtain the 
following expression for the kinetic energy of the internal flow due translation  
                       
























             (4.6)                       
where M is the mass of internal fluid per unit length of the pipe and the prime (' )  denotes 
the derivative with respect to X. 
 
 
    4.3.4 Kinetic energy of the internal flow due to the pipe flexure 
             The kinetic energy of the internal fluid due to rotation is limited to those 
rotations about y and z axis [39], which are associated with the pipe motion in lateral 
directions, while the effect of fluid friction forces induced by the inner wall of the pipe 
due to its rotation will be taken into account in the potential energy expression. 
Accordingly, one may express the kinetic energy of the fluid due to rotation as follows:  
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1 θθ &&                                              (4.7) 
where ID, f   is mass moment of inertia of the fluid per unit length about y and z axis. 
    4.3.5 Total kinetic energy expression 
             The total kinetic energy expression is the summation of the kinetic energies of 
the pipe and fluid due to the translation and rotation. Using equations (4.2), (4.3), and 
(4.6-4.7), one obtains 
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        (4.8) 
By recognizing that bending deformations are related to the rotations as  





∂= ,θ                                                           (4.9) 





∂−= ,θ                                                      (4.10) 
Substituting equations (4.9-4.10) into equation, one obtains                                  
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    (4.11) 
 
where prime  (' )  denotes the derivative with respect to X. 
By comparing equations (4.11) and (3.22), the only difference is that U2 term associated 
with the extensible case survive in the kinetic energy expression. This term vanishes in 
the case of inextensibility condition. 
4.4 Potential Energy Expression 
       The system potential energy is made up of the elastic pipe-bending strain energy Vb, 
strain energy due to axial deformation Va, strain energy due to torsion Vt, and strain 
energy due gravitational force Vg. 
    4.4.1 Strain energy due to bending 
              Following the analysis presented by Stocker [39], the strain energy due to 
bending can be expressed by  




κε                                          (4.12) 
where  
κ(X): is the curvature of the centerline of the pipe. 
I : Area moment of inertia of the pipe. 
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Note that, for the three-dimensional analysis, it is necessary to consider the bending in 
both X-Y and X-Z planes. 
Referring to figures 4.2 and 4.3, let φ1 and φ2 are the angles between the position of the 
pipe and the X axis in both X-Z and X-Y planes, respectively, and s is the curvilinear 
coordinate along the pipe. For a pipe undergoining planar motion, either extensible or 
inextensible, the curvature κ is given by 
                                                               
ss ∂
∂+∂
∂= 21 φφκ                                                 (4.13) 
Upon using equation (2.8), the curvature κ  in terms of X coordinate can be obtained as  













εκ                                   (4.14) 
Based on the geometry, the angles φ1 and φ2   can be defined as  





∂∂+==                                 (4.15) 
and  










∂∂=                      (4.16) 
Using equations (4.15) and (4.16), one gets                                 






































































      (4.17) 
By substituting equation (4.17) into equation (4.14), yields                      
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The strain is given by [3] as 
                                                 2
2
1 vu ′+′=ε + Õ ( Є4 )                                         (4.19) 
Substituting equations (4.18) and (4.19) into equation (4.12), retaining terms up to fourth 
order, yields the following expression for the beam bending potential energy: 

























                     (4.20) 
 
    4.4.2 Strain energy due axial deformation 
             Based on the stress-strain relationship, the strain energy associated with axial 
deformation Va is expressed by 






ε                                               (4.21) 
Other components of strain energy related to the axial deformation are associated with 
the tension T
(
and differential pressurization force P.  
For generalization, all these components are considered in this formulation. The potential 
energy due to axial deformation can be rewritten as  













                                  (4.22) 
where 
P: Fluid pressurization force. 
T
(
: Tension in the pipe either externally applied or associated with frictional forces. 
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Substituting equation (4.19) into equation (4.22) for both X-Y and X-Z planes, and 
retaining terms up to fourth order yields 



































































    (4.23) 
 
    4.4.3 Strain energy due to torsion 
             The strain energy Vt due to torsion is given by 





ϕ ′= ∫                                                (4.24)                        
where 
G: Modulus of rigidity for the pipe. 
J: polar moment of inertia for the pipe. 
Other component of strain energy due to torsion should be considered as associated 
with the frictional torque Γ. By considering such component, then one can write strain 
energy as 









Γ+′Γ−′= ∫∫∫ ϕϕ                        (4.25) 
where Γ is the torque exerted on the pipe due to the fluid-induced frictional forces of the 
rotating pipe. 
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    4.4.4 Strain energy due to gravitational field 
            The gravitational energy depends on the distribution of mass, and can be 
expressed in x direction as 
                                               ∫+−= Lg dxxgMmV
0
)(                                                  (4.26) 
where g is the gravitational acceleration.  
    4.4.5 Total potential energy expression 
          The total potential energy expression is the summation of the potential energies 
due to bending, torsion, and axial deformations in addition to gravitational potential 
energy. Using equations (4.20), (4.23), (4.25-4.26), the total potential energy can be 
expressed by           
     






































































































((                      
                                                                                                                   (4.27) 
 
By comparing this equation with equation (3.32), which is associated with the 
inextensible condition, we note that current formulation of the potential energy 
expression accounts for the forces associated with the differential change between 
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internal and external pressures; also it accommodates the tension in the pipe either 
externally applied or associated with the frictional forces. Such forces vanish in equation 
(3.32) due to the inextensibility condition. 
 
4.5 The Lagrangian Function 
      Based on the definition of Lagrangian function presented in equation (3.34), and by 
using equations (4.11) and (4.27), the Lagrangian function L~  can be written as  
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4.6 Hydrodynamic Forces Exerted on the Pipe  
      The hydrodynamic forces acting on the pipe may be summarized as follow: 
 The inviscid hydrodynamic force, FA due to the axial motion of the external flow. 
This term is identical to the corresponding term derived for inextensible pipe, as 
given by equation (3.38). 
 Normal frictional force FN  due to the axial motion of the external flow, this term 
is identical for extensible and inextensible pipes and  given as equation (3.39). 
 Longitudinal frictional forces, FL which is stated as equation (3.40). 
 Hydrostatic pressure forces in the x, y and z directions, Fpx, Fpy and Fpz 
respectively. The expressions of these forces are given by equations (3.41-3.43). 
 Hydrodynamic forces exerted on the pipe due to the pipe rotation, FZ and FY. 
Based on the same assumptions and analysis presented in section 3.8, these forces 
are defined as equations (3.70) and (3.71), respectively. 
 
4.7 Equations of Motion 
     The equations of motion of a flexible pipe conveying fluid and subjected to external 
axial flow are derived using the extended Hamilton's principle. 
 
    4.7.1 Hamilton's principle 
             The extended Hamilton's principle is defined as                                      









nc dtWdtL 0δδ                                          (4.29) 
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It is important to note that even if there are no explicit external forces applied to the pipe 
conveying fluid, δWnc in equation (4.29) will not vanish if one end of the pipe is free, as 
discussed in subsection 3.9.1. 
 
    4.7.2 Variation of the Lagrangian function 
             In order to perform the variation of the Lagrangian function, it is essential to 
specify the boundary conditions, which can be stated based on the geometry of the 
problem as  
                                      ( ) ( ) ( ) 0000 ====== XwXvXu                                           (4.30) 
                                      ( ) ( ) ( ) 0====== LXuLXwLXv                                           (4.31) 
                                      ( ) ( ) ( ) ( ) 000 ==′′==′==′′==′ LXwXwLXvXv                   (4.32) 
For simplicity, the variational analysis is performed separately for both kinetic and 
potential energy expressions. 
 
        4.7.2.1 Variation of the kinetic energy expression 
                     Upon applying Hamilton's variational operator to equation (4.11), and 
after some mathematical manipulations, we obtains   
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        4.7.2.2 Variation of the potential energy expression  
                    By considering equation (3.81), which defines the torque associated with 
the frictional forces exerted on the pipe due to the internal flow rotation, and upon 
applying Hamilton's variational operator to equation (4.27), and after many mathematical 
manipulations, one obtains              
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        4.7.2.3 Variation of the Lagrangian function 
                    Upon substituting equations (4.33) and (4.34) in the Lagrangian formula, 
one obtains the expression of variation of the Lagrangian function as                    
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    4.7.3 Total virtual work of the external fluid hydrodynamic forces 
             The total virtual work of hydrodynamic forces associated with the external fluid 
is due to the axial and rotational motions of the external flow. Based on the analysis 
presented in chapter 3, and after some mathematical manipulations, which include 
retaining the terms up to 3rd order, the following expressions of virtual work in x, y and z 
directions are obtained:                                          
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    4.7.4 Formulation of equations of motion 
             By substituting equations (4.35-4.38), into the extended Hamilton's principle 
given by equation (4.29), one eventually finds the following four coupled equations of 
motion in terms of u, v, w and φ, which describe the motion of an extensible rotating pipe 
conveying fluid and subjected to counter external axial flow:                                     
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                                                                                                                                      (4.41) 
and, 
 
     ( )( ) ( )( ) 024 , =′+′−′′−′′+′′+ ϕϕϕϕϕϕ &&&&&&&&&& rfpp fLIJGwvvwI                                   (4.42) 
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It is important to recognize that P represents the net differential pressurization force, and 
it can be related to the internal flow pressure pi and external flow pressure po such that 
                                                      ( ) ( )LpALpAP ooif −=                                         (4.43) 
where Af is the internal cross sectional flow area. 
On the other hand, by following a procedure similar to that introduced in [17], the tension 
T
(
can be expressed as 









,ρ                                (4.44) 
Utilizing equation (2.8), one can write                                               






∂ 1                                             (4.45) 
Substituting equation (4.45) into equation (4.44) and integrating from X to L, one obtains                         
                            ( ) ( )uXLgMmCUDLTXT Tooof −−⎟⎠
⎞⎜⎝
⎛ +++= 2,2
1)()( ρ((            (4.46) 
 where ( )LT( is the tension at the downstream end of the pipe, and is given by [17] as 














⎛ −+= ρ(                     (4.47) 
where T is the externally imposed uniform tension. 
Finally, one may express the tension T
(
as  


















, ρρ(   (4.48) 
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By substituting equation (4.48) into the Lagranginan function given by equation (4.35), 
performing the variational analysis for all terms including T
(
, and carrying out 
mathematical manipulations, the governing equations of motion can be expressed as 
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and,                                             
                 ( )( ) ( )( ) 024 , =′+′−′′−′′+′′+ ϕϕϕϕϕϕ &&&&&&&&&& rfpp fLIJGwvvwI                (4.52)  
4.8 Dissipative Forces Due to Material Damping 
        By considering the Kelven-Voigt model presented in chapter 2 and utilizing 
equation (2.83), the equations of motion which takes into account the internal damping of 
the pipe material can be expressed as 
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                                                                                                                                     (4.55)  
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and, 
                                                                                                                                   
            ( )( ) ( )( ) 024 , =′+′−′′−′′+′′+ ϕϕϕϕϕϕ &&&&&&&&&& rfpp fLIJGwvvwI                     (4.56) 
               
4.9 Case Studies 
       The obtained mathematical model is a considerably comprehensive dynamical 
model and can be adapted to match several engineering applications, particularly in the 
drilling applications by either changing design parameters or the end conditions. The 
following case studies can be tackled: 
    4.9.1 Fixed-simply supported rotating flexible pipe conveying fluid 
downwards, which then flows upwards as a confined annular flow  
             The motion of the drill string could be idealized as rotating flexible pipe, fixed 
at one end and simply supported at the another end in both X-Y and X-Z planes, that is 
conveying fluid downwards, which then flows upwards as a confined annular flow as 
shown in figure 4.4. The additional features of this model over that described in section 
3.11.4 accounts of the following: 
• Steady state forces such as pressurization and tension in the pipe.  
• The axial deformation u associated with the axial strain in the pipe. 
By assuming smooth transition between internal and annular flow at the lower end of the 
pipe, one may write 
                              ( ) ( ) oifoofoiifi hgULpULp ,2,2, 2
1
2
1 ρρρ ++=+                          (4.57) 
where ρf, i  is the density of the internal fluid and ho is the loss of head that arises due to 
the sudden enlargement in the flow from Af  to Ach, which is given by [33] as  
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Figure 4.4: Fixed-simply supported rotating flexible pipe conveying fluid 










h −=                                             (4.58) 
where C =1 as given by [42]. 
Based on the analysis performed in section 2.6.3, and by considering the weight of the 
pipe, one may represent the pressure at the downstream end of the extensible pipe po(L), 
as given by  [17]  
                                       ( )
2
21)( ,
LAgApLpA oofoooo ρν +−=                                  (4.59)      
 By substituting equations (4.58) and (4.59) into equation (4.57), one obtains 








































ρρυ                         
                                                                                                                                      (4.60) 
Upon substituting equation (4.60) into the equations of motion obtained for the extensible 
rotating pipe, one obtains the equations of motion that describe the dynamics of a simply 
supported drill string as  
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and, 
                    ( )( ) ( )( ) 024 , =′+′−′′−′′+′′+ ϕϕϕϕϕϕ &&&&&&&&&& rfpp fLIGJwvvwI             (4.64) 
In the current model, one notes that the drill string is not permitted to slide axially in X- 
direction, which doesn’t mimic the actual practice of drilling. The next subsection is 
devoted to produce more reliable and accurate model which takes into consideration the 
axial sliding of the inner pipe. 
    4.9.2 Extensible rotating flexible pipe with one sliding end conveying 
fluid downwards, which then flows upwards as a confined annular flow  
                Another idealization for the motion of drill string can be made by considering 
the drill string as rotating flexible pipe, fixed at one end while it is restricted to deflect 
laterally in both X-Y and X-Z planes at the another end by using sliding support, 
conveying fluid downwards, which then flows upwards as a confined annular flow, as 
shown in figure 4.5. 
In order to come up with the equations of motion which describe this model, one may 
consider the following modifications, as proposed by [17]: 










1)( ρρ            (4.65) 
where u (L) is the axial displacement at the end of the pipe. The tension can be expressed 
as                         








, ρρ(    (4.66) 
where Cb is the base pressure coefficient [17]. Using above expressions (i.e. equations 
4.65 and 4.66) in formulating the equations of motion, one can write the equations of 

















Figure 4.5: Rotating flexible pipe with one sliding end conveying fluid 
downwards, which then flows upwards in the outer annulus. 
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and,                     













    In this chapter, the nonlinear equations of motion, which were presented in chapters 2, 
3 and 4, will be expressed in the most general dimensionless form by defining 
appropriate dimensionless parameters. The dimensionless analysis is considered as 
powerful tool to study the qualitative behavior of the system. On the other hand, such 
analysis is useful to avoid dealing with extremely high or small numeric values of the 
system parameters; this can be performed by relating such quantities to each other using 
suitable dimensionless groups. Also, it is noted that such analysis is necessary to check 
the dimensional compatibility of the bulky equations which were derived previously. In 
the next subsections, the dimensionless analysis is carried out for the derived models 
obtained in chapter 2, 3 and 4, in addition to some selected case studies.  
 
5.1 Extensible Flexible Pipe Conveying Fluid and Subjected to External 
Axial Flow. 
       In this section, the dimensionless forms of equations (2.84-2.85) will be established. 
Equations of motion can be rendered dimensionless by defining the following 
dimensionless quantities:  
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L
X=1ξ                                                                            (5.1) 
                                                
L
u=ζ                                                                               (5.2) 
                                                 
L
v=1η                                                                             (5.3) 














++= ρ                                         (5.4) 













++= ρα                                          (5.5) 






,ρβ                                                 (5.6) 











ρβ                                                 (5.7) 







⎛=                                                             (5.8) 












⎛= ρ                                                     (5.9) 
                                                DPdTTNN CcCcCc πππ
4,4,4 ===                 (5.10) 





,ρχ =                                                                  (5.11) 




Dh =                                                                        (5.12) 
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oD
L=Ε                                                                 (5.13) 
                                                  
EI
EAL2
1,0 =Π                                               (5.14) 






1, =Π                                             (5.15) 






1, =Π                                            (5.16) 




1 =Π                                                   (5.17) 
                                                          
EI
LT 2
1 =Γ                                                             (5.18) 
 
Substituting equations (5.1-5.18) into equations (2.84) and (2.85) yields the following 
forms of the dimensionless equations 
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 (5.20)                     
where ( ) ( ) ( ) ( ) *11 ,' t∂∂=⋅∂∂= ξ . 
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5.2 Inextensible Rotating Flexible Pipe Conveying Fluid and Subjected 
to External Axial Flow 
       In this section, the dimensionless forms of the equations (3.96-3.98) will be 
established. Those equations maybe rendered dimensionless through the use following 
dimensionless quantities:  
                                  
L
s=2ξ                                                                                          (5.21) 
                                   
L
v=1η                                                                                         (5.22) 
                                   
L
w=2η                                                                                        (5.23) 
                                    ϕη =3                                                                                        (5.24) 


















+= ρ                  (5.25) 
















+= ρα                  (5.26)       











1, ρβ                        (5.27) 















2, ρβ                        (5.28) 











223, ρβ                        (5.29) 
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4, ρβ               (5.30) 
                               
GJEI
EI
m +=1,β                                                                               (5.31) 
                              
GJEI
GJ
m +=2,β                                                                               (5.32) 















ρβ                         (5.33) 








+=                                                                (5.34) 















                                                              (5.35) 
                                  DPdTTNN CcCcCc πππ
4,4,4 ===                              (5.36) 





,ρχ =                                                                                  (5.37) 




Dh =                                                                                        (5.38) 
                                  
oD
L=Ε                                                                                         (5.39) 






2,                                                                    (5.40) 

















ργ                                                                   (5.42) 
Utilizing equations (5.21-5.42), we can express the dimensionless forms of the governing 
equations of motion as 
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 (5.44)         
and, 
  ( )( ) ( )( ) 024 33334,32,211233, =′+′−′′−′′+′′+ ηηηηβηβηηηηηβ &&&&&&&&&& rimi f                             (5.45) 
 
where ( ) ( ) ( ) ( ) *22 ,' t∂∂=⋅∂∂= ξ . 
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5.3 Inextensible Rotating Flexible Pipe Conveying Fluid downwards, 
which then flows Upwards as A confined Annular Flow 
        In this section, the dimensionless forms of the equations (3.110-3.112) are 
established. Governing equations of motion can be rendered dimensionless by defining 
the following dimensionless quantities:  




D=D                                                   (5.46) 




D=D                                                  (5.47) 




o uu −= D
D
                                      (5.48)              
                                                                   bb Cc π
4=                                                  (5.49) 
  
Utilizing equations (5.21-5.34) and (5.36-5.42), and (5.46-5.49), the dimensionless form 
of the equations of motion of an inextensible rotating flexible pipe conveying fluid 
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( )( ) ( )
( )
( )























































































































































































































































































































































































































   
( ) ( )

















































































































































































































































































































































































































































































                    
                                                                                                                   (5.51) 
                                                                                                                       
    ( )( ) ( )( ) 024 33334,32,211233, =′+′−′′−′′+′′+ ηηηηβηβηηηηηβ &&&&&&&&&& rimi f                         (5.52) 
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5.4 Extensible Rotating Flexible Pipe Conveying Fluid and Subjected to 
External Axial Flow. 
       The dimensionless form of the equations (4.53-4.56) will be established in this 
section. Equations of motion can be rendered dimensionless by defining following 
dimensionless quantities: 
                                                         
L
u=ζ                                                                   (5.53) 





2,0                                                    (5.54) 






2,                                              (5.55) 






2,                                             (5.56) 





2                                                      (5.57) 





2                                                       (5.58) 
Substituting equations (5.1), (5.22-5.42) and (5.53-5.58), yields the following 
dimensionless equations of motion of an extensible rotating flexible pipe conveying fluid 
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                                                                                                                   (5.61) 
and, 
 
        ( )( ) ( )( ) 024 33334,32,211233, =′+′−′′−′′+′′+ ηηηηβηβηηηηηβ &&&&&&&&&& rimi f                   (5.62) 
 
5.5 Extensible Rotating Flexible Pipe Conveying Fluid Downwards, 
which then flows Upwards as A confined Annular Flow.  
          In order to express the dimensionless form of the equations (4.61 -4.64), the 
following dimensionless quantities are defined 





3                                                    (5.63) 







                                              (5.64) 






ρ=ℵ                                                    (5.65) 






ρ=ℵ                                                    (5.66) 
Utilizing equations (5.1), (5.22-5.34), (5.36-5.42) and (5.63-5.66), and after some 
mathematical manipulations, yields the following dimensionless equations of motion  
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5.6 Extensible Rotating Flexible Pipe with One Sliding End Conveying 
Fluid Downwards, which then flows Upwards as A confined Annular 
Flow.  
         Utilizing the dimensionless quantities defined by equations (5.1), (5.22-5.34), (5.36-
5.42) and (5.63-5.66), the dimensionless form of equations (4.67-4.70) can be expressed 
as  
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D      (5.71)  
 
                                                                                                                                  
       
   
( ) ( )
( )
( )( )
( ) ( )
( )
( ) ( ) ( )


























































































































































































































































































































































































































































































































































































































































         
                                                                                                                   (5.72) 
 
   
( ) ( )
( ) ( )
( )
( )( )


























































































































































































   
( )
( ) ( ) ( ) ( )







































































































































































































































































































































































































































































































                    
                                                                                                                   (5.73) 
                                                     













    This chapter is devoted to outline the proposed procedure for solving the 
dimensionless coupled nonlinear partial differential equations presented in chapter 5. 
This task can be performed by applying a discretization scheme with appropriate 
comparison functions as will be discussed hereafter with more details.  
 
6.1 Discretization via Galerkin’s Method  
       The governing nonlinear partial differential equations described in chapter 5 don’t 
admit a closed form of solution. However, such equations may be reduced to a set of 
ordinary differential equations by applying one of the discretization techniques such as 
Galerkin’s method.  
The Galerkin’s method is utilized to approximate the dimensionless transverse 
deflections η1(ξ,t*) and η2(ξ,t*), dimensionless axial shortening  ζ(ξ,t*) and torsional 
rotation η3(ξ,t*), by expanding them in time and spatial domains. Accordingly, one can 
write                              







Ψ=                                      (6.1) 








Φ=                                      (6.2) 
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Θ=                                      (6.3) 









Ξ=                                   (6.4) 
where 
N: Number of modes. 
pj: The time dependant vector of modal coordinates associated with the dimensionless 
axial deflection ζ. 
Ψ : The vector of assumed mode shapes, corresponding to the dimensionless axial 
deflection. 
qj: The time dependant vector of modal coordinates associated with the dimensionless 
lateral deflection η1 in the X-Y plane. 
Φ : The vector of assumed mode shapes, corresponding to the dimensionless transverse 
deflection in the X-Y plane. 
rj: The time dependant vector of modal coordinates associated with the dimensionless 
lateral deflection η2 in the X-Z plane. 
Θ : The vector of assumed mode shapes, corresponding to the dimensionless transverse 
deflection in the X-Z plane. 
ğj: The time dependant vector of modal coordinates associated with the dimensionless 
torsional rotation η3. 
Ξ : The vector of assumed mode shapes, corresponding to torsion. 
Now, by assuming that the pipe vibration is denominated by a single mode, then one may 
write 
                                                          )()(),( ** tpt ξξζ Ψ=                                           (6.5) 
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                                                          )()(),( **1 tqt ξξη Φ=                                           (6.6) 
                                                          )()(),( **2 trt ξξη Θ=                                           (6.7) 
                                                          )()(),( **3 tgt
(ξξη Ξ=                                           (6.8) 
The vectors of assumed mode shapes Ψ ,Φ ,Θ , and Ξ  can be estimated by solving the 
associated frequency equations of the corresponding linear model for each of vibration 
mode, as will be discussed in section 6.2. 
One should consider that when the approximations given by equations (6.5-6.8) are 
substituted into the left side of the governing equations of motion, the result will 
generally not be zero [34], but equal to an error function, which maybe denoted by E .  
Finlayson and Scriven [43] showed that such error could be eliminated by weighting the 
error E  with the vector of the single assumed mode and integrate it over the spatial 
domain. This can be expressed mathematically as  









=Ξ=Θ=Φ=Ψ ∫∫∫∫ ξξξξ dEdEdEdE iiii                             (6.9) 
On the other hand, in the view of the mode shapes orthogonality [12], one may write that 








                      (6.10) 
Where ijδ is the Kronecker delta. One should keep in mind that equation (6.10) is valid 
only for the normalized mode shapes. For generality, not normalized mode shapes are 
used in the current analysis. 
In the next subsections, the dimensionless equations of motion obtained in chapter 5 are 
discretized via unimodal Galerkin’s method. 
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    6.1.1 Extensible flexible pipe conveying fluid and subjected to external 
axial flow 
                 In this subsection, the dimensionless equations of motion (5.19) and (5.20), 
which describe the dynamics of extensible flexible pipe with both ends are fixed, 
conveying fluid and subjected to external axial flow, are discretized via unimodal 
Galerkin’s method. Substituting expressions (6.5) and (6.6) into equations (5.19) and 
(5.20), multiplying equation (5.19) by ( )1ξΨ and equation (5.20) by ( )1ξΦ  and 
integrating over the dimensionless domain, and after long mathematical manipulation, we 
obtain the following coupled ordinary nonlinear differential equations in terms of the 
modal coordinates p and q: 
 
           
[ ] [ ] [ ] [ ] [ ] [ ] [ ]























         (6.11)            
                                                                                                             
          
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]







































      (6.12) 
 
where the values of  coefficients are found to be 
             ( ) 11
0
2
1,1 1 ξβ dM ou ∫Ψ−=                                                                                (6.13) 
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1,1 2 ξαξβ dduC iiu Ψ ′′ΨΠ−Ψ′Ψ= ∫∫                                         (6.14) 









. ξξ dhucduK oTiu Ψ′Ψ−Ε+ΨΨ ′′Π−= ∫∫                     (6.15) 
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   (6.17)            





ξβ dcA oTu ∫ΨΦΕ=                                                                          (6.18) 
                     ∫ Φ′ΨΦ−= 1
0
11,4 ξβχ dA ou                                                                      (6.19) 







ξducB odu ∫ Φ′Φ′ΨΕ=                                                               (6.20)                         






ξβ ducB oodu ΦΦ′Φ′ΨΕ−= ∫                                                 (6.21) 







ξβ ducB oodu ∫ ΦΦ′ΨΕ−=                                                   (6.22) 
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ξβ dcB odu ΦΦΦ′ΨΕ−= ∫                                                                                (6.23) 
  ( )( ) 11
0
2
1,1,1 1 ξβχβ dM oov ∫Φ+−=                                                                                (6.24)                         
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Φ ′′Ψ′Φ+Φ′Ψ ′′Φ−Φ′ΦΨ−ΦΨ′Φ−Φ ′′′Ψ ′′Φ−
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(6.29)                        








ξχβξβ ddcD ooNv Φ′ΨΦ−ΨΦΕ= ∫∫                                                  (6.30) 
         ∫ Φ′ΦΨ−= 1
0
11,5 ξβχ dD ov                                                                                    (6.31) 







11 34 ξαξα ddE v ∫∫ Φ ′′Φ′ΦΠ−ΦΦ′Φ−=                                                 (6.32) 






ξducE odv ∫ Φ′Φ′ΦΕ−=                                                                          (6.33)                         






ξβ ducE oodv ΦΦ′ΦΕ= ∫                                                                     (6.34) 






ξβ ducE oodv ∫ ΦΦ′ΦΕ=                                                                     (6.35) 





ξβ dcE odv ∫ ΦΦΕ=                                                                                (6.36) 
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       (6.37)                        
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                 (6.38) 











ξχβξβ ddccF oNTov ∫∫ Φ′Φ−Φ′Φ−Ε=                                      (6.39) 














Nv                                                                                (6.40) 





1,5 ξβχ dF ov Φ′Φ−= ∫                                                                                  (6.41) 
 
    6.1.2 Inextensible rotating flexible pipe conveying fluid and subjected to 
external axial flow. 
            In this subsection, the dimensionless equations of motion (5.43-5.45), which 
describe the vibration of a cantilevered pipe conveying fluid and subjected to external 
axial flow, are discretized via unimodal Galerkin’s method. Following the the same 
procedure described in subsection 6.1.1, and after tedious mathematical manipulations, 
we obtain the following coupled ordinary nonlinear differential equations in terms of the 
modal coordinates q, r and ğ:                                                                                                                     
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[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ]















































          
                                                                                                                   (6.42) 
    
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]





























































     (6.43)    
                                                                                                                                                      
and,      
     [ ] [ ] [ ] [ ] [ ] [ ] 04322122 =+++++ rqTqrTggTgTgKgM &&&&(&&(&((&&( ϕϕϕϕϕϕ                              (6.44) 
 
where the values of coefficients are found to be: 







2,3,2,2,2 21 ξβξβχβββ ddM ioiiov                          (6.45) 


































                    (6.46)       
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                                                                                                                                      (6.47) 





ξβχ dfG tov                                                                                       (6.48) 











223,2 ξβχξξβ dddG oiv                                 (6.49) 






ξducH odv ∫ Φ′Φ′ΦΕ−=                                                                              (6.50)                         






ξβ ducH oodv ΦΦ′ΦΕ= ∫                                                                       (6.51) 






ξβ ducH oodv ∫ ΦΦ′ΦΕ=                                                                        (6.52) 





ξβ dcH odv ∫ ΦΦΕ=                                                                                    (6.53) 
























⎛ Θ ′′Θ′Φ ′′Φ−Φ′Θ ′′Θ′Φ=
∫ ∫ ∫
∫ ∫ ∫















































































      
                                                                                                                                      (6.54)                        
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21,2 3 ξξξξαβ ddddI mv                         
                                                                                                                                      (6.55) 







































































    (6.56)                        
       















ΘΘ′Φ ′′Φ+Θ ′′Φ ′′Φ+






























































































               (6.57) 



















































                                    (6.58) 

















v                             (6.59) 
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ξβχ dI ov                                                                                         (6.60)    
   
( ) ( )







































































































                        
                                                                                                                                      (6.61) 





























































































                   (6.62) 
                                                                                                                         
      ( )



















































































Nv ∫ΦΕ−=                                                                                   (6.64) 
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( )







































    (6.65)                     







2,3,2,2,2 21 ξβξβχβββ ddM ioiiow                       (6.66) 


































                       (6.67)     
     
( ) ( ) ( )














































(6.68)            
                                                                                                             





ξβχ dfG tow                                                                                     (6.69)                     
















3,2 ξβχξξξβ ddddG oiw   (6.70)                        












3,3 ξξξβ dddG iw                                (6.71) 






ξducH odw ∫ Θ′Θ′ΘΕ−=                                                                          (6.72)                         






ξβ ducH oodw ΘΘ′ΘΕ= ∫                                                                    (6.73) 






ξβ ducH oodw ∫ ΘΘ′ΘΕ=                                                                     (6.74) 
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ξβ dcH odw ∫ ΘΘΕ=                                                                                     (6.75) 
























⎛ Φ ′′Φ′Θ ′′Θ−Θ′Φ ′′Φ′Θ=
∫ ∫ ∫
∫ ∫ ∫















































































    
                                                                                                                   (6.76)   
           
                                                                                                                                                                        



















21,2 3 ξξξξαβ ddddI mw                           
                                                                                                                                      (6.77)                       





























































  (6.78)  
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ΦΦ′Θ ′′Θ+Φ ′′Θ ′′Θ+






























































































               (6.79) 



















































                                     (6.80) 







































                             (6.81) 





ξβχ dI ow                                                                                     (6.82) 
      ⎟⎟⎠
⎞
⎜⎜⎝






3,8 32 ξξβ ddI iw                                                      (6.83)                       















223,9 ξξξξβ ddddI iw                (6.84)                       
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( ) ( )































































































































                           (6.85)                         





























































































                (6.86) 
                                                                                                                       
     ( )



















































































Nw ∫ΘΕ−=                                                                                   (6.88) 
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( )







































 (6.89)  




3,2 ξβϕ dM i                                                                                              (6.90) 
        ∫ Ξ ′′Ξ−= 1
0
22,2 ξβϕ dK m                                                                                         (6.91) 




4,1 8 ξβϕ dfT ri                                                                                       (6.92) 




4,2 4 ξβϕ dfT ri                                                                                      (6.93) 
        ∫ Φ′Θ′Ξ= 1
0
23,3 ξβϕ dT i                                                                                          (6.94) 
        ∫ Φ′Θ′Ξ= 1
0
23,4 ξβϕ dT i                                                                                          (6.95) 
 
    6.1.3 Inextensible rotating flexible pipe conveying fluid downwards, 
which then flows upwards as a confined annular flow.  
             In this subsection, the dimensionless equations of motion (5.50 -5.52), that 
describe the vibration of  a cantilevered pipe, conveying fluid downwards, which then 
flows upwards as a confined flow, are discretized via unimodal Galerkin’s method. 
Following similar procedure described in section 6.1.2, we obtain the following coupled 
ordinary nonlinear differential equations in terms of the modal coordinates q, r and ğ:                                
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[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ]















































          
                                                                                                                   (6.96) 
   
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]





























































   
                                                                                                                                      (6.97)    
                                                                                                                                                      
and,      
     [ ] [ ] [ ] [ ] [ ] [ ] 08762533 =+++++ rqTqrTggTgTgKgM &&&&(&&(&((&&( ϕϕϕϕϕϕ                              (6.98) 
 
where the values of coefficients are found as follow 







2,3,2,2,3 21 ξβξβχβββ ddM ioiiov                         (6.99) 
















































    (6.100)    
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       ( ) ( ) ( )

















































































































(6.101)                         






ξβχ dfG tov                                                                                 (6.102) 











223,4 ξβχξξβ dddG oiv                           (6.103) 


















                                                    (6.104)                         












                                                    (6.105) 













                                                   (6.106) 





ξβ dcH odv ∫ ΦΦΕ=                                                                            (6.107) 
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⎛ Θ ′′Θ′Φ ′′Φ−Φ′Θ ′′Θ′Φ=
∫ ∫ ∫
∫ ∫ ∫































































































    
                                                                                                                                    (6.108)                        
                                                                                                              



















21,9 3 ξξξξαβ ddddI mv                        
                                                                                                                                    (6.109) 







































































  (6.110)                        
                                                                                                           
















ΘΘ′Φ ′′Φ+Θ ′′Φ ′′Φ+









































































































       (6.111) 
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                                   (6.112) 

















v                           (6.113) 





ξβχ dI ov                                                                                  (6.114)                        
      
( ) ( )


























































































































































































































(6.115)                      
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                                                                                                                                    (6.116) 
          
         
      ( )





































































(6.117)                         





















                                                                 (6.118) 
        
( )







































                      
                                                                                                                                    (6.119)                         
         







2,3,2,2,3 21 ξβξβχβββ ddM ioiiow                     (6.120)              
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      (6.121)    
    ( ) ( ) ( )





































































































       





ξβχ dfG tow                                                                                  (6.123)                       
















3,5 ξβχξξξβ ddddG oiw  (6.124) 












3,6 ξξξβ dddG iw                                (6.125) 


















                                                        (6.126)                         












                                                       (6.127) 












D                                                       (6.128) 












































⎛ Φ ′′Φ′Θ ′′Θ−Θ′Φ ′′Φ′Θ=
∫ ∫ ∫
∫ ∫ ∫































































































                                
                                                                                                                                    (6.130) 
 
 



















21,11 3 ξξξξαβ ddddI mw                        
                                                                                                                                    (6.131) 
 
   ⎟⎟⎠
⎞
⎜⎜⎝






3,12 32 ξξβ ddI iw                                                      (6.132) 





























































                         
                                                                                                                                    (6.133)                         
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ΦΦ′Θ ′′Θ+Φ ′′Θ ′′Θ+









































































































        (6.134) 



















































                                  (6.135) 







































                          (6.136) 





ξβχ dI ow                                                                                   (6.137) 












22223,18 ξξξξβ ddddI iw             (6.138)    
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( ) ( )




























































































































































































































                                                                                                                                    (6.139) 
                                                                                                              



























































































































              (6.140) 
                                                                   
         ( )






















































































Nw ∫ΘΕ−=                                                                                     (6.142) 
  
( )







































    (6.143)  




3,3 ξβϕ dM i                                                                                                 (6.144) 
     ∫ Ξ ′′Ξ−=
1
0
22,3 ξβϕ dK m                                                                                          (6.145) 





4,5 8 ξβϕ dfT ri                                                                                      (6.146) 




4,6 4 ξβϕ dfT ri                                                                                      (6.147) 
      ∫ Φ′Θ′Ξ=
1
0
23,7 ξβϕ dT i                                                                                          (6.148) 
       ∫ Φ′Θ′Ξ=
1
0
23,8 ξβϕ dT i                                                                                         (6.149) 
 
    6.1.4 Extensible rotating flexible pipe conveying fluid and subjected to 
external axial flow 
            The dimensionless equations of motion (5.59-5.62), which describe the vibration 
of fixed-simply supported extensible pipe, that conveying fluid and subjected to external 
axial flow are discretized via unimodal Galerkin’s method. Following the same procedure 
presented in the previous sections, and after simplifying and rearranging the terms, we 
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obtain the following four coupled ordinary nonlinear differential equations in terms of the 
modal coordinates  p, q, r and ğ: 
       
    
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]













































                  
                                                                                                                                    (6.150)    
     
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ]











































        
                                                                                                                                    (6.151) 
                                                                                                                                                                       
     
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ]



























































                                                                                                                                    (6.152)                         
     [ ] [ ] [ ] [ ] [ ] [ ] 01211102944 =+++++ rqTqrTggTgTgKgM &&&&(&&(&((&&( ϕϕϕϕϕϕ                             (6.153) 
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where the coefficients are found as follow 
         ( ) 121
0
3,2,2,4 1 ξβββ dM iiou Ψ−−−= ∫                          (6.154) 






1,2,4 2 ξαξβ dduC oiiu Ψ ′′ΨΠ−Ψ′Ψ= ∫∫                 (6.155) 










. ξγγξ dhucduK oTiu Ψ′Ψ⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+−Ε+ΨΨ ′′Π−= ∫∫    (6.156)                     
          
















































































  (6.157) 
           
















































































  (6.158) 
             











































       (6.159) 
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      (6.160)           





ξβ dcA oTu ∫ΨΦΕ=                                                                              (6.161) 





ξβ dcA oTu ∫ΨΘΕ=                                                                             (6.162) 
               ∫ Φ′ΨΦ−= 1
0
12,11 ξβχ dA ou                                                                         (6.163) 
                ∫ Θ′ΨΘ−= 1
0
12,12 ξβχ dA ou                                                                        (6.164) 







ξducB odu ∫ Φ′Φ′ΨΕ=                                                                 (6.165) 







ξducB odu ∫ Θ′Θ′ΨΕ=                                                                 (6.166)                        






ξβ ducB oodu ΦΦ′Φ′ΨΕ−= ∫                                                 (6.167) 






ξβ ducB oodu ΘΘ′Θ′ΨΕ−= ∫                                                  (6.168) 







ξβ ducB oodu ∫ ΦΦ′ΨΕ−=                                                   (6.169) 







ξβ ducB oodu ∫ ΘΘ′ΨΕ−=                                                  (6.170) 
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ξβ dcB odu ΦΦΦ′ΨΕ−= ∫                                                                (6.171) 




ξβ dcB odu ΘΘΘ′ΨΕ−= ∫                                                                (6.172) 







2,3,2,2,4 21 ξβξβχβββ ddM ioiiov               (6.173) 


































         (6.174)       
                  
( ) ( )
( ) ( )

































































    (6.175)                         
                 
( ) ( )
( ) ( )
( )

































































































   
                                                                                                                                    (6.176)                         
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( )∫∫∫
∫ ∫ ∫ ∫




































                        
                                                                                                                                    (6.177) 
 
    ( )
∫
∫∫













































                        
                                                                                                                                    (6.178) 
   








ξχβξβ ddcD ooNv Φ′ΨΦ−ΨΦΕ= ∫∫                                                  (6.179) 
     ∫ Φ′ΦΨ−= 1
0
12,10 ξβχ dD ov                                                                                    (6.180) 





ξβχ dfD tov                                                                                  (6.181) 











113,12 ξβχξξβ dddD oiv                             (6.182) 







21,6 34 ξαβξαβ ddE ommv ∫∫ Φ ′′Φ′ΦΠ−ΦΦ′Φ−=                                  (6.183) 






ξducE odv ∫ Φ′Φ′ΦΕ−=                                                                           (6.184)                        






ξβ ducE oodv ΦΦ′ΦΕ= ∫                                                                    (6.185) 
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ξβ ducE oodv ∫ ΦΦ′ΦΕ=                                                                         (6.186) 





ξβ dcE odv ∫ ΦΦΕ=                                                                                    (6.187)                   
   
( ) ( ) ( )
( )


























































































                        
                                                                                                                                    (6.188) 


































































              (6.189) 











ξχβξβ ddccF oNTov ∫∫ Φ′Φ−Φ′Φ−Ε=                                         (6.190) 














Nv                                                                                  (6.191) 





1,10 ξβχ dF ov Φ′Φ−= ∫                                                                                     (6.192) 
     ⎟⎟⎠
⎞
⎜⎜⎝






3,11 2 ξξβ ddF iv                                                      (6.193)                        





ξβχ dF ov                                                                                   (6.194)  
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2,3,2,2,4 21 ξβξβχβββ ddM ioiiow                         (6.195) 


































                   (6.196)                     
       
( ) ( )
( ) ( )

































































               (6.197)                        
       
( ) ( )
( ) ( )
( )

































































































   
                                                                                                                                    (6.198) 
                                                                                                        
     
( )∫∫∫
∫ ∫ ∫ ∫




































                        
                                                                                                                                    (6.199) 
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     ( )
∫
∫∫













































                        
                                                                                                                                    (6.200) 
                                                                                                        
 








ξχβξβ ddcD ooNw Θ′ΨΘ−ΨΘΕ= ∫∫                                                (6.201) 
       ∫ Θ′ΨΘ−= 1
0
12,10 ξβχ dD ow                                                                                  (6.202) 





ξβχ dfD tow                                                                                (6.203) 
         ∫ ΞΘΦ= 1
0
12,12 ξβχ dD ow                                                                                   (6.204) 













3,13 ξξξβ dddD iw                            (6.205) 







21,6 34 ξαβξαβ ddE ommw ∫∫ Θ ′′Θ′ΘΠ−ΘΘ′Θ−=                              (6.206) 






ξducE odw ∫ Θ′Θ′ΘΕ−=                                                                      (6.207)                         






ξβ ducE oodw ΘΘ′ΘΕ= ∫                                                                (6.208) 






ξβ ducE oodw ∫ ΘΘ′ΘΕ=                                                               (6.209) 
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ξβ dcE odw ∫ ΘΘΕ=                                                                                 (6.210)        
             
       
( ) ( ) ( )
( )


























































































                          
                                                                                                                                    (6.211) 
 


































































        (6.212) 











ξχβξβ ddccF oNTow ∫∫ Θ′Θ−Θ′Θ−Ε=                                   (6.213) 













Nw                                                                           (6.214) 





1,10 ξβχ dF ow Θ′Θ−= ∫                                                                             (6.215) 
             011 =wF                                                                                                         (6.216)                         





ξβχ dF ow                                                                            (6.217)   
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        ⎟⎟⎠
⎞
⎜⎜⎝






3,13 32 ξξβ ddF iw                                                 (6.218) 







3,14 22 ξβξβ ddF iiw ∫∫ Φ′Θ ′′Θ+Φ ′′Φ′Θ′Θ=                                                (6.219) 












11113,15 ξξξξβ ddddF iw           (6.220) 




3,4 ξβϕ dM i                                                                                             (6.221) 
         ∫ Ξ ′′Ξ−= 1
0
22,4 ξβϕ dK m                                                                                      (6.222) 




4,9 8 ξβϕ dfT ri                                                                                  (6.223) 




4,10 4 ξβϕ dfT ri                                                                                 (6.224) 
           ∫ Φ′Θ′Ξ= 1
0
23,11 ξβϕ dT i                                                                                    (6.225) 
           ∫ Φ′Θ′Ξ= 1
0
23,12 ξβϕ dT i                                                                                    (6.226) 
 
    6.1.5 Extensible rotating flexible pipe conveying fluid downwards, 
which then flows upwards as a confined annular flow  
             In this subsection, the dimensionless equations of motion (5.67-5.70), that 
describe the vibration of extensible fixed-simply supported pipe, conveying fluid 
downwards, which then flows upwards as a confined flow, are discretized via Galerkin’s 
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method using single mode approach. Following the same procedure presented in section 
6.1.4, we obtain the following coupled ordinary nonlinear differential equations in terms 
of the modal coordinates p,  q, r and ğ 
    
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]













































                  
                                                                                                                                    (6.227)   
    
[ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]



















































       (6.228)                         
    
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ]


























































                        
                                                                                                                                    (6.229) 
and,                                                                                                                                                                 
       [ ] [ ] [ ] [ ] [ ] [ ] 016151421355 =+++++ rqTqrTggTgTgKgM &&&&(&&(&((&&( ϕϕϕϕϕϕ                         (6.230) 
 225
where the coefficients can be expressed as 




3,2,2,5 1 ξβββ dM iiou                                                                  (6.231) 






1,2,5 2 ξαξβ dduC iiu Ψ ′′ΨΠ−Ψ′Ψ= ∫∫                                                 (6.232) 

























Ε+ΨΨ ′′Π−= ∫∫ D
D               
                                                                                                                                    (6.233) 
      
( )





































































































































































                                                                                                                                    (6.234) 
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( )







































































































































































   (6.235) 
          
























































                   
                                                                                                                 (6.236) 
         

























































                                                                                                                                    (6.237) 
           





ξβ dcA oTu ∫ΨΦΕ=                                                                               (6.238) 





ξβ dcA oTu ∫ΨΘΕ=                                                                              (6.239) 
              ∫ Φ′ΨΦ−= 1
0
12,19 ξβχ dA ou                                                                          (6.240) 
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                ∫ Θ′ΨΘ−= 1
0
12,20 ξβχ dA ou                                                                        (6.241) 



















                                              (6.242) 



















                                              (6.243)                        












                                    (6.244) 












                                   (6.245) 













D                                     (6.246) 













D                                      (6.247) 




ξβ dcB odu ΦΦΦ′ΨΕ−= ∫                                                           (6.248) 




ξβ dcB odu ΘΘΘ′ΨΕ−= ∫                                                           (6.249) 







2,3,2,2,5 21 ξβξβχβββ ddM ioiiov           (6.250) 


















































      
                                                                                                                                    (6.251) 
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( )
( ) ( )






































































































































































                                                          
         
( ) ( )
( ) ( )
( )










































































































































































































   
                                                                                                                  (6.253) 
 
 229




























































D                          
                                                                                                                  (6.254) 
 
  ( )
∫
∫∫




























































                                                                                                                   (6.255) 








ξχβξβ ddcD ooNv Φ′ΨΦ−ΨΦΕ= ∫∫                                                  (6.256) 
     ∫ Φ′ΦΨ−= 1
0
12,17 ξβχ dD ov                                                                                    (6.257) 





ξβχ dfD tov                                                                                  (6.258) 











113,19 ξβχξξβ dddD oiv                             (6.259) 







21,11 34 ξαβξαβ ddE ommv ∫∫ Φ ′′Φ′ΦΠ−ΦΦ′Φ−=                                 (6.260) 


















                                                      (6.261)                         
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                                                      (6.262) 












D                                                        (6.263) 





ξβ dcE odv ∫ ΦΦΕ=                                                                                (6.264)        
               
      
( ) ( )
( )





































































































































































































                     
                                                                                                                                    (6.265) 
 













































































D  (6.266) 











ξχβξβ ddccF oNTov ∫∫ Φ′Φ−Φ′Φ−Ε=                                (6.267) 
 231





















                                                                  (6.268) 





1,17 ξβχ dF ov Φ′Φ−= ∫                                                                                   (6.269) 
       ⎟⎟⎠
⎞
⎜⎜⎝







3,18 2 ξξβ ddF iv                                                    (6.270)                         





ξβχ dF ov                                                                                 (6.271)  







2,3,2,2,5 21 ξβξβχβββ ddM ioiiow                      (6.272) 


















































     
                                                                                                                                    (6.273) 
 
       
         
( )






































































































































































       (6.274)                     
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( ) ( )
( ) ( )
( )





























































































































































































   
                                                                                                                   (6.275) 
 
                                                                                                          
   
( )∫
∫∫

























































                              
                                                                                                                                    (6.276) 
 
    ( )
∫
∫∫



























































                        
                                                                                                                                    (6.277) 
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ξχβξβ ddcD ooNw Θ′ΨΘ−ΨΘΕ= ∫∫                                              (6.278) 
       ∫ Θ′ΨΘ−= 1
0
12,18 ξβχ dD ow                                                                                (6.279) 





ξβχ dfD tow                                                                               (6.280) 
         ∫ ΞΘΦ= 1
0
12,20 ξβχ dD ow                                                                                   (6.281) 













3,21 ξξξβ dddD iw                           (6.282) 







21,11 34 ξαβξαβ ddE ommw ∫∫ Θ ′′Θ′ΘΠ−ΘΘ′Θ−=                            (6.283) 


















                                               (6.284)                         












                                                 (6.285) 













                                                 (6.286) 





ξβ dcE odw ∫ ΘΘΕ=                                                                          (6.287)        
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        (2.88)                      
                                                                                                                 
 















































































        (6.289) 











ξχβξβ ddccF oNTow ∫∫ Θ′Θ−Θ′Θ−Ε=                                       (6.290) 




















D                                                                    (6.291) 





1,20 ξβχ dF ow Θ′Θ−= ∫                                                                                   (6.292) 
       021 =wF                                                                                                               (6.293)                        
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ξβχ dF ow                                                                                (6.294)   
        ⎟⎟⎠
⎞
⎜⎜⎝






3,23 32 ξξβ ddF iw                                                 (6.295) 







3,24 22 ξβξβ ddF iiw ∫∫ Φ′Θ ′′Θ+Φ ′′Φ′Θ′Θ=                                               (6.296)                        















1113,25 ξξξξβ ddddF iw           (6.297)                        




3,5 ξβϕ dM i                                                                                             (6.298) 
        ∫ Ξ ′′Ξ−= 1
0
22,5 ξβϕ dK m                                                                                       (6.299) 




4,13 8 ξβϕ dfT ri                                                                                  (6.300) 




4,14 4 ξβϕ dfT ri                                                                                  (6.301) 
         ∫ Φ′Θ′Ξ= 1
0
23,15 ξβϕ dT i                                                                                      (6.302) 
         ∫ Φ′Θ′Ξ= 1
0






    6.1.6 Extensible rotating flexible pipe with one sliding end conveying 
fluid downwards, which then flows upwards as a confined annular flow.  
             In this subsection, the dimensionless equations of motion (5.71-5.74), which 
describe the vibration of extensible pipe with fixed-simply supported sliding ends, 
conveying fluid downwards, which then flows upwards as a confined flow, are 
discretized via unimodal Galerkin’s method. Following the same procedure described in 
section 6.1.5, we obtain the following coupled ordinary nonlinear differential equations in 
terms of the modal coordinates p,  q, r and ğ: 
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                                                                                                                                    (6.304)   
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     (6.305) 
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[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ]


























































                       
                                                                                                                                    (6.306) 
 
                                                                                                                                                                       
    [ ] [ ] [ ] [ ] [ ] [ ] 020191821766 =+++++ rqTqrTggTgTgKgM &&&&&&(&((&&( ϕϕϕϕϕϕ                           (6.307) 
 
where the coefficients of the above equations are found to be as  




3,2,2,6 1 ξβββ dM iiou                                                                   (6.308) 






1,2,6 2 ξαξβ dduC oiiu Ψ ′′ΨΠ−Ψ′Ψ= ∫∫                                                 (6.309) 
 

























Ε+ΨΨ ′′Π−= ∫∫ D
D
              
                                                                                                                                    (6.310) 
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                                                                                                                                    (6.311) 
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  (6.313)                  
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(6.314)           





ξβ dcA oTu ∫ΨΦΕ=                                                                                     (6.315) 





ξβ dcA oTu ∫ΨΘΕ=                                                                                     (6.316) 
       ∫ Φ′ΨΦ−= 1
0
12,27 ξβχ dA ou                                                                                 (6.317) 
       ∫ Θ′ΨΘ−= 1
0
12,28 ξβχ dA ou                                                                                 (6.318) 



















                                                      (6.319) 



















                                                        (6.320)                        












                                            (6.321) 












                                              (6.322) 














                                                (6.323) 













D                                         (6.324) 
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ξβ dcB odu ΦΦΦ′ΨΕ−= ∫                                                                        (6.325) 




ξβ dcB odu ΘΘΘ′ΨΕ−= ∫                                                              (6.326) 







2,3,2,2,6 21 ξβξβχβββ ddM ioiiov                         (6.327) 


















































   (6.328) 
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                                                                                                                                    (6.329)                         
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                                                                                                                                    (6.330) 
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                                                                                                                                    (6.331) 
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∫
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                                                                                                                                    (6.332) 
                                                                                                








ξχβξβ ddcD ooNv Φ′ΨΦ−ΨΦΕ= ∫∫                                                   (6.333) 
    ∫ Φ′ΦΨ−= 1
0
12,24 ξβχ dD ov                                                                                     (6.334) 





ξβχ dfD tov                                                                                   (6.335) 











113,26 ξβχξξβ dddD oiv                              (6.336) 







21,16 34 ξαβξαβ ddE ommv ∫∫ Φ ′′Φ′ΦΠ−ΦΦ′Φ−=                                  (6.337) 


















                                                      (6.338)                         












                                                       (6.339) 













                                                        (6.340) 





ξβ dcE odv ∫ ΦΦΕ=                                                                                 (6.341)        
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                                                                                                                                    (6.342)                         














































































       (6.343) 











ξχβξβ ddccF oNTov ∫∫ Φ′Φ−Φ′Φ−Ε=                                      (6.344) 





















D                                                                   (6.345) 





1,24 ξβχ dF ov Φ′Φ−= ∫                                                                                  (6.346) 
       ⎟⎟⎠
⎞
⎜⎜⎝






3,25 2 ξξβ ddF iv                                                    (6.347)                        
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ξβχ dF ov                                                                                (6.348)  







2,3,2,2,6 21 ξβξβχβββ ddM ioiiow                      (6.349) 


















































  (6.350)     
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                                                                                                                                    (6.352)  
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∫
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                                                                                                                                    (6.354) 
 








ξχβξβ ddcD ooNw Θ′ΨΘ−ΨΘΕ= ∫∫                                                  (6.355) 
     ∫ Θ′ΨΘ−= 1
0
12,26 ξβχ dD ow                                                                                   (6.356) 





ξβχ dfD tow                                                                                  (6.357) 
      ∫ ΞΘΦ= 1
0
12,28 ξβχ dD ow                                                                                      (6.358) 












3,29 ξξξβ dddD iw                               (6.359) 







21,16 34 ξαβξαβ ddE ommw ∫∫ Θ ′′Θ′ΘΠ−−ΘΘ′Θ−=                               (6.360) 


















                                                     (6.361)                         












                                                      (6.362) 













                                                      (6.363) 
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ξβ dcE odw ∫ ΘΘΕ=                                                                                 (6.364)        
       
    
( ) ( )




























































































































































































































                       
                                                                                                                  (6.365) 
 















































































      (6.366) 











ξχβξβ ddccF oNTow ∫∫ Θ′Θ−Θ′Θ−Ε=                                       (6.367) 




















D                                                                  (6.368) 
 248





1,29 ξβχ dF ow Θ′Θ−= ∫                                                                              (6.369) 
            030 =wF                                                                                                          (6.370)                     





ξβχ dF ow                                                                            (6.371)   
            ⎟⎟⎠
⎞
⎜⎜⎝






3,32 32 ξξβ ddF iw                                             (6.372) 







3,33 22 ξβξβ ddF iiw ∫∫ Φ′Θ ′′Θ+Φ ′′Φ′Θ′Θ=                                            (6.373)                         












11113,34 ξξξξβ ddddF iw      (6.374)                         




3,3 ξβϕ dM i                                                                                        (6.375) 
             ∫ Ξ ′′Ξ−= 1
0
22,6 ξβϕ dK m                                                                                  (6.376) 




4,17 8 ξβϕ dfT ri                                                                              (6.377) 




4,18 4 ξβϕ dfT ri                                                                             (6.378) 
               ∫ Φ′Θ′Ξ= 1
0
23,19 ξβϕ dT i                                                                                (6.379) 
                ∫ Φ′Θ′Ξ= 1
0
23,20 ξβϕ dT i                                                                               (6.380) 
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6.2 Assumed Modes  
       In order to solve the discretized ordinary nonlinear equations of motion, the 
approximated spatial modal functions Ψ ,Φ , Θ , and Ξ  should be specified. In this 
analysis, it is assumed that these spatial functions are the eigenfunctions of the associated 
linear problem, which can be obtained by solving the associated frequency equations of 
the corresponding linear model for each of vibration mode. Due to the fact that vibration 
modes are depending mainly on the assigned boundary conditions, the assumed modes 
for each model are treated separately in this section. It is important to recognize that the 
provided mode shapes are not normalized and accordingly equation (6.10) is no longer 
valid. 
 
    6.2.1 Extensible flexible pipe conveying fluid and subjected to external 
axial flow 
            The boundary conditions encountered in this model are fixed-fixed. By referring 
to [44], the assumed modes for this model can be expressed as: 
• Axial motion 
          ( ) .3,2,1,sin 1 ==Ψ jjj ξπ                                                  (6.381) 
• Flexural motion 
          ( ) ( )[ ] ( ) ( )[ ] .3,2,1,coshcossinhsin 1111 =−−−=Φ jR jjjjjj ξαξαξαξα  (6.382) 
where 1α = 4.730, 2α =7.853, 3α =10.996 and Rj is given as 
                












                                                                        (6.383) 
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    6.2.2 Inextensible rotating flexible pipe conveying fluid and subjected to 
external axial flow 
                   The boundary conditions incorporated with this model are fixed-free. 
Referring to [44] and [45], the assumed modes for this model are found as  
• Flexural motion in X-Y plane. 
        ( ) ( )[ ] ( ) ( )[ ] .3,2,1,coshcossinhsin 2222 =−−−=Φ jR jjjjjj ξαξαξαξα   (6.384) 
where 1α =1.875, 2α =4.6943, 3α =7.855 and Rj is given as: 
              












                                                                          (6.385) 
• Flexural motion in X-Z plane. 
        ( ) ( )[ ] ( ) ( )[ ] .3,2,1,coshcossinhsin 2222 =−−−=Θ jR jjjjjj ξαξαξαξα   (6.386) 
where 1α =1.875, 2α =4.6943, 3α =7.855 and Rj is given as: 
              












                                                                          (6.387) 
• Torsional motion. 




⎛ +=Ξ jjj ξπ                                                (6.388) 
One should recognize that the assumed modes associated with the inextensible rotating 
pipe conveying fluid downwards, which then flows upwards as confined axial flow are 





    6.2.3 Extensible rotating flexible pipe conveying fluid and subjected to 
external axial flow 
                 The boundary conditions associated with this problem are fixed-simple 
supported. By referring to [45], the assumed modes for this model are found as follow: 
• Axial motion 
                                          ( ) .3,2,1,sin 1 ==Ψ jjj ξπ                      (6.389) 
• Flexural motion in X-Y plane. 
         ( ) ( )[ ] ( ) ( )[ ] .3,2,1,coshcossinhsin 1111 =−−−=Φ jR jjjjjj ξαξαξαξα    (6.390) 
where 1α =3.923, 2α =7.069, 3α =10.210 and Rj is given as 
                                             












                                           (6.391) 
• Flexural motion in X-Z plane. 
        ( ) ( )[ ] ( ) ( )[ ] .3,2,1,coshcossinhsin 1111 =−−−=Θ jR jjjjjj ξαξαξαξα     (6.392) 
where 1α =3.923, 2α =7.069, 3α =10.210 and Rj is given as 
                                             












                                           (6.393) 
• Torsional motion. 
                                               ( ) .3,2,1,sin 1 ==Ξ jjj ξπ                         (6.394) 
It is clear that the assumed modes associated with the extensible rotating pipe conveying 
fluid downwards, which then flows upwards as confined axial flow are identical to the 
assumed modes of this model. 
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    6.2.4 Extensible Rotating Flexible Pipe with one sliding end Conveying 
Fluid downwards, which then flows upwards as a confined annular flow  
                The boundary conditions associated with this problem are fixed-sliding simply 
supported. By referring to [45], the assumed modes for this model could be found as 
follow: 
• Axial motion 




⎛ +=Ψ jjj ξπ                                           (6.395) 
• Flexural motion in X-Y plane. 
        ( ) ( )[ ] ( ) ( )[ ] .3,2,1,coshcossinhsin 1111 =−−−=Φ jR jjjjjj ξαξαξαξα     (6.396) 
where 1α =3.923, 2α =7.069, 3α =10.210 and Rj is given as 
               












                                                                         (6.397) 
• Flexural motion in X-Z plane. 
         ( ) ( )[ ] ( ) ( )[ ] .3,2,1,coshcossinhsin 1111 =−−−=Θ jR jjjjjj ξαξαξαξα    (6.398) 
where 1α =3.923, 2α =7.069, 3α =10.210 and Rj is given as 
                












                                                                        (6.399) 
• Torsional motion. 















NUMERICAL RESULTS AND DISCUSSION 
 
 
    In this chapter, the nonlinear equations of motion presented in chapter 6 are solved 
numerically and implemented to describe the following two important engineering 
applications: 
• Vibrations of a tube in a double pipe heat exchanger. 
• Vibrations of rotating drillstring. 
The physical parameters of each case study are identified carefully to represent a realistic 
model. Also a set of practical design and operating conditions are assigned in order to 
describe similar industrial applications. 
 
7.1 Objectives of the Numerical Analysis 
      Two numerical examples were considered. First, the dynamic analysis of the tube in 
a double pipe heat exchanger is performed in order to investigate the following aspects: 
1. Estimation of the axial and lateral natural frequencies of the system for the first 
three modes of vibration. 




3. The influence of several design parameters on the system’s natural frequencies 
such as the flow velocities, material damping and annulus spacing. 
4. Construction of the phase plane plots in order to check the stability of the system 
at the operating conditions. 
5. Demonstration of the importance of nonlinear formulation in studying the 
dynamic behavior of such systems. 
  The second example is devoted to investigate the vibration of a rotating drillstring.  This 
study is discussed from the following point of view: 
1. Estimation of the lateral and torsional natural frequencies of the system for first 
three modes of vibration. 
2. Studying the effect of different end conditions on the system, namely; fixed free 
and fixed-sliding simply supported ends. 
3. Studying the effects of several design conditions on the system’s natural 
frequencies such as: velocities of the drilling fluids, annulus spacing and the 
rotational speed. 
4. Verifying the importance of considering the internal flow, external flow and 
rotation of the system in obtaining accurate natural frequencies. 
 
7.2 Solution Procedure 
      Figure 7.1 shows the flow chart of the proposed solution algorithm. This algorithm is 
established to solve the governing discreatized equations of motion, which were derived 
in chapter 6. The main features of the solution scheme can be summarized as follow: 
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    7.2.1 Evaluation of the coefficients of the equations of motion 
             The first step of performing the numerical analysis is assigning the system 
parameters, followed by identifying the desired mode of vibration and then evaluating the 
equations’ coefficients, which were defined in chapter 6. Due to the fact that many 
differentiations and integrations are involved within this analysis, Sympolic MATLAB® 
is used to evaluate the coefficients of equations of motion for each case study separately. 
The proposed algorithm provides flexibility for the user to select, modify and solve for 
different system parameters and design conditions associated with each case, provided 
that the selected design conditions do not violate any of the model assumptions. Another 
advantage of this code is its ability to return the dimensionless quantities defined in 
chapter 5 prior to solution. This step is shown schematically in figure 7.1. 
 
    7.2.2 Solving the governing equations of motion. 
             The preliminary task for this step is to express the governing equations of 
motion in the state space representation, as most of the ODE’s solvers require the system 
to be defined in this form. ODE45 code is utilized for solving the nonlinear system of 
differential equations in which all nonlinear terms are considered. ODE45 is considered 
as one of the initial value problems ( IVPs) solvers in MATLAB® package. In this solver, 
the differential equations are integrated via the fourth order Runge Kutta method. It is 
necessary to specify the initial conditions in this step for each case study. 
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Figure 7.1: Algorithm flow chart 
START
INPUT DATA 
• System parameters: Geometry, properties of the inlet and outlet flows, 
velocities of the flows, frictional coefficients, angular speed and Kelven-
Viogt coefficient. 
• Dimensionless parameters: Equations relating dimensional and 
dimensionless quantities are defined. 
• Assumed modes of vibration: The assumed modes shapes are selected 
based on the boundary conditions and the number of the vibration mode. 
                      
                                              1. Is the pipe slender? 
             2. Is the clearance to pipe radius criteria being achieved? 





• Dimensionless parameters. 
• Coefficients of the governing equations of 
motion. 
• Transient time response of axial, lateral and 
torsional vibrations. 
• Phase plane plots. 
 
Determine the values of the dimensionless parameters 
Evaluate the coefficients of the governing equations of motion using Symbolic MATLAB ® 
Solve the system of nonlinear differential equations using ODE45 Solver 
Define appropriate dimensionless initial conditions 
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7.3 Flow Induced Vibration of Tube in A double-pipe Heat Exchanger 
 
        This case study represents a double pipe heat exchanger which is used to cool the 
lubricating oil of a large industrial gas turbine. In this type of heat exchangers, water 
flows through the inside pipe (tube-side flow) and the oil through the annular space 
between the outside and the inside pipe (shell-side flow), as illustrated schematically by 
figure 2.1.The flow rate of the oil through the annulus is 0.8 kg/s while the flow rate of 
the water inside the tube is 2 kg/s. In this model, both ends of the tube are fixed. 
 
    7.3.1 System parameters 
             In order to investigate the dynamic behavior of this heat exchanger, some 
realistic values of the system parameters are assigned as listed in table 7.1. The 
corresponding dimensionless quantities are calculated based on their definitions as 
presented in chapter 5. Table 7.2 shows the values of the dimensionless parameters 
associated with the current model. It is important to note that the dimensionless time 
equals 2.1485 times the actual time. Also the tension and internal pressurization are set to 
zero. 
    7.3.2 Transient response of the system 
 
             Based on the solution technique discussed in section 7.2, the coefficients of the 
equations of motion (6.11) and (6.12) were calculated. Table 7.3 shows such values for 
the first three modes of vibration. Based on the values listed in table 7.3, the following 
observations are made: 
 The most dominant nonlinear terms are A1u and F1v, which are associated with q2 











4.0 m Length of elastic tube, L 
0.028 m Outside diameter of the elastic tube, Do 
0.0015 m Thickness of the elastic tube 
0.048 m  Diameter of the outer pipe, Dch 
2.1 x 1011 N/m2 Young's modulus of  the elastic tube, E 
0.98  kg/m Mass of the tube per unit length, m 
0.491 Mass of the internal flow per unit length, M 
785 kg/m3 Density of the lubricating oil, ρf, o 
4.07 m/s Velocity of internal flow, Ui 
0.854 m/s Velocity of the external flow, Uo 
0.0125 Friction coefficient in normal direction, CN 
0.0125 Friction coefficient in tangential direction, CT 


















Value Dimensionless parameters 
2.032 Added mass, χ 
0.2512 Mass ratio of the internal fluid, βi 
0.2473 Mass ratio of the external fluid, βo,1 
  0.2374 Velocity of the internal flow, ui 
0.0494 Velocity of the external flow, uo 
1.8169 x 105 Axial flexibility, 1,0Π  
142.8571 Slenderness ratio, Ε  
1.4 Hydraulic coefficient, h  
0.0159 Friction coefficient in normal direction, cN 
0.0159 Friction coefficient in tangential direction, cT 









Table 7.3: Coefficients of the governing equations of motion 
 in both axial and lateral directions. 
 
3rd Mode 2nd Mode 1st Mode Coefficient 
0.3763 0.3763 0.3763 M1u 
0 0 0 C1u 
8069400 3586400 896600 K1u 
-1.2609 x107 -7.0762 x10614573 A1u 
2.2187 0.0026 1.1111 A2u 
0 0 0.1309 A3u 
-0.0540 -0.3331 -0.000983 A4u 
0 0 0.1440 B1u 
0 0 -0.2579 B2u 
0 0 -0.2579 B3u 
0 0 -0.000369 B4u 
1.3632  1.3632 1.3632 M1v 
0.0836 0.0829 0.0355 C1v  
1.3955 x104 3.7994 x103 519.887 K1v 
-6.4220 x106 -1.4153 x10729467 D1v 
-1.7171 -0.0033 -0.7983 D2v 
2.0064 -0.0025 1.251 D3v 
-0.1079 -0.6661 0.2598 D4v 
-0.0540 -0.3331 -0.000983 D5v 
0 0 0 E1v 
0 0 -7.526 x10-5E2v 
0 0 0.0965- E3v 
0 0 1.433 x10-8 E4v 
0 0 -0.3953 E5v 
1.717 x109 3.2068 x108 2.1515 x107F1v 
11.9415 0.0213 0.0209 F2v 
-49.3839 -23.8852 -8.4861 F3v 
0 0 -2.3063 F4v 





from the potential energy expression as a result of elasticity of the inner tube in 
both axial and lateral directions, in addition to the influence of the external flow 
on the inner tube. Another dominant term is D1v, which is associated with the 
product p q as shown in equation (6.12). This term reveals the importance of 
considering the coupling between axial and lateral displacement corresponding to 
the external flow and elastic coupling. Such nonlinear terms are expected to play 
a role in determining the dynamic behavior of the system when the tube is 
subjected to large deformation. 
 One of the interesting findings is that the damping in the axial direction is zero, 
which will not be true if the boundary conditions are not fixed-fixed, or if the 
material dissipative damping has been considered. On the other hand, the linear 
damping in lateral direction is very small as the applied external flow velocity is 
within a small range in this case study. 
Once the coefficients of the equations of motion are calculated , the system of governing 
equations is solved using ODE 45 solver, after applying the following initial conditions to 
the mid span of the pipe such that: ( ) ( ) ( ) ( ) 0,01.0,0,001.0 ==== tvtvtutu && .The 
corresponding dimensionless initial conditions are calculated based on their definitions 
provided in chapter 5, as: ( ) ( ) ( ) ( ) 0,0025.0,0,00025.0 *1*1*1*1 ==== tqtqtptp && .  Figures 
7.3-7.8 show the transient response of the system for the first three modes of vibration in 
addition to the corresponding phase plane plots. The natural frequencies in axial and 
lateral directions were calculated based on the period of oscillation, while their values are 
listed in table 7.4. In the following analysis, the damping factor is estimated graphically 






Figure 7.2: (a) Transient response of the dimensionless lateral 


















Figure 7.3: (a) Transient response of the dimensionless axial deflection at 
















Figure 7.4: (a) Transient response of the dimensionless lateral deflection at 















Figure 7.5: (a) Transient response of the dimensionless axial deflection at 
















Figure 7.6: (a) Transient response of the dimensionless lateral deflection at 











Figure 7.7: (a) Transient response of the dimensionless axial deflection at 
the third mode of vibration. (b) Corresponding phase plane plot. (c) 
Transient response of the dimensionless axial deflection at the third mode of 









Table 7.4: Lateral and axial natural frequencies of a double pipe heat 
exchanger.  


















1st Mode 19.56 42.03 1541.13 3311.12 
2nd mode 52.62 113.06 2990.57 6425.24 












By referring to figures 7.3-7.7 and table 7.4, the following observations are made: 
• The damping ratio is very small for the lateral vibrations and equals 0.004, while 
the system seems undamped in the axial direction.  
• The phase portraits show that the system is stable for both axial and lateral 
vibrations at the selected operating conditions. 
• The axial natural frequencies attains high values compared to the lateral ones, 
accordingly, one may consider that the dynamic analysis can be focused on the 
more significant lateral vibrations.  
• At higher modes, it was observed that there are some fluctuations in the amplitude 
of the axial vibrations, as shown in figure 7.7(c). This beating phenomenon 
appears as a result of the nonlinear terms, and could not be viewed in light of 
linear analysis, where linear damping is zero in the axial direction. 
 
    7.3.3 Influences of the internal and external flows   
 
                In order to investigate the effects of internal and external fluids on the transient 
response of the system, the simulation was first performed for the dry model in which 
both internal and external fluids are absent. Figures 7.8-7.13 show the transient responses 
for both axial and lateral vibrations of the dry pipe system for the first three modes of 
vibration. In order to demonstrate the effect of each flow pattern separately on the 
system’s natural frequencies, a comparative study is performed at different flow schemes; 
such as internal flow only, external flow only, and the presence of both external and 
internal flows. For brevity, lateral and axial natural frequencies for the first three modes 
of vibration for each case are listed in Table 7.5, without providing their transient plots. 
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Also in table 7.5, the natural frequencies of each flow pattern are compared to those 
natural frequencies associated with the dry system. It is important to consider that the 
dimensionless time depends on the existence of the internal and external flows and was 
modified for each case accordingly. The obtained natural frequencies for the dry system 
were found very close to those resulted from the tabulated exact formulas associated with 
the fixed-fixed configuration [45]. Moreover, the obtained natural frequencies are 
considered more accurate as they accommodates the nonlinear terms, while the exact 
formulas are based on the linear formulation. 
By referring to figures 7.8-7.13 and table 7.5, the influence of the internal and external 
fluids can be summarized as follow: 
 
 Influence of the internal flow 
     Based on table 7.5, we can conclude that the internal flow has higher influence in 
lowering (softening) the lateral and axial natural frequencies of the system for the 
first three modes of vibration by a percentage of 17.8 % up to 19.4% compared to the 
fluid-free model. This finding seems logical as the internal fluid increases the inertia 
term of the system significantly. This finding assures that the effect of the internal 
flow can not be eliminated either in lateral or axial directions. Also it is noted that the 
internal flow provides relatively smaller amount of damping in the lateral direction 
when compared to the case of external flow. This result may lead us to state that the 
effect of the internal flow in damping this system may be negligible, particularly in 
lateral direction. On the other side, we note that the damping in axial direction is still 
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having zero value in the case of fixed-fixed ends condition and negligible effect of 
material damping. 
 Influence of the external flow. 
Upon carrying the simulation for the model containing external flow only, it was 
found that the external flow plays a dominant role in softening the lateral natural 
frequency of the system for all modes of vibration by values ranges from 29 % up to 
31.7 % compared to the fluid-free model. This finding can be interpreted by 
recognizing that the added mass of the external flow (i.e. the hydrodynamic mass) 
increases the inertia of the system in the lateral direction. Also the external flow 
provides the system with good amount of damping compared to the internal flow. 
Regarding the effect of the external flow on the axial vibration, it is noted that 
external flow has very limited effect on the axial natural frequencies (i.e. less than 1.5 
% for all modes of vibration), this is due to the fact that the hydrodynamic added 
mass resulted is a much smaller inertia term in the axial direction. 
 
 Influence of both external and internal flows. 
The combined softening effect of the internal and external flows is responsible for 
lowering the lateral natural frequencies of the system up to 38.1 %. This seems 
reasonable as each of the flows (i.e. either internal or external flows) has its own 
softening contribution. Regarding the axial natural frequency, it decreased by a 
percentage of 16.3 % up to 21.2% compared to the dry system for the first three 
modes of vibration. These results are very close to the case of internal flow only 





 Figure 7.8: (a) Transient response of the dimensionless lateral 
deflection at the 1st mode of vibration for the fluid- free system.  















Figure 7.9: (a) Transient response of the dimensionless axial 
deflection at the 1st mode of vibration for the fluid- free system.  

















Figure 7.10: (a) Transient response of the dimensionless lateral 
deflection at the second mode of vibration for the fluid- free system.  
















Figure 7.11: (a) Transient response of the dimensionless axial 
deflection at the 2nd mode of vibration for the fluid- free system.  
















Figure 7.12: (a) Transient response of the dimensionless lateral 
deflection at the 3rd mode of vibration for the fluid- free system.  


















Figure 7.13: (a) Transient response of the dimensionless axial 
deflection at the 3rd mode of vibration for the fluid- free system.  














Table 7.5: Lateral and axial natural frequencies for several flow patterns. 
 
Lateral vibrations Axial vibrations Model 
description 
No. of mode 









( % ) 
    1st mode 67.9 --- 4032 --- 
2nd  mode 177 --- 8150.1 --- 
The dry (fluid-
free) system 
3rd  mode 351.9 --- 12050 --- 
    1st mode 55.0 -19 3291 -18.4 
2nd  mode 145.4 -17.8 6566.7 -19.4 
Internal flow 
only 
3rd  mode 284.6 -19.1 9865 -18.1 
    1st mode 46.5 -31.5 4063.7 0.8 
2nd  mode 125.7 -29 8128 -0.3 
External flow 
only 
3rd  mode 240.4 -31.7 12195.6 1.21 
    1st mode 42 -38.1 3311.1 -17.9 
2nd  mode 113 -36.2 6425.2 -21.2 
Both internal 
and external 
flows 3rd  mode 217.7 -38.1 10089 -16.3 
 
* The tabulated percentage represents the percentage of change of the natural frequencies 







    7.3.4 Influences of the external flow velocity  
 
                Figures (7.14-7.17) show the transient response of the system for axial and 
lateral vibrations at external flow velocities of 5 and 10 m/s. The natural frequencies and 
damping factors associated with lateral and axial vibration at those external flow 
velocities are listed in table 7.6. Based on the tabulated results, the following remarks are 
made: 
• The external flow velocity has a minor effect in lowering the lateral natural 
frequencies of the model with percentage of decrease less than 0.7 % as the 
external velocity was increased by ten times. 
• The external flow velocity plays dominant role in increasing the damping of the 
system in the lateral direction, as the damping factor at highest flow velocity is 
about 10 times the damping coefficient at the lowest one. This phenomenon can 
be displayed clearly by investigating the phase plots of different cases, which 
show that the system is more damped at higher external velocities as it returns to 
the equilibrium point faster. 
• The external flow velocity has no effect on the axial natural frequency of the 
system. Accordingly, for fixed-fixed pipe, the effect of the external flow velocity 
is negligible on the axial frequencies. 
Finally, we must note that the above findings are obtained for the current model and are 












 Figure 7.14: (a) Transient response of the dimensionless lateral 
deflection at the 1st mode of vibration at Uo= 5 m/s.  
















 Figure 7.15: (a) Transient response of the dimensionless axial 
deflection at the 1st mode of vibration at Uo= 5 m/s.  















 Figure 7.16: (a) Transient response of the dimensionless lateral 
deflection at the 1st mode of vibration at Uo= 10 m/s.  














Figure 7.17: (a) Transient response of the dimensionless axial 
deflection at the 1st mode of vibration at Uo= 10 m/s.  
















Table 7.6: Lateral and axial natural frequencies and damping coefficients of 
a double pipe heat exchanger at various external flow velocities.  
 


















0.854 0.00067 42.03 0 3311.12 
5 0.0037 41.89 0 3311.12 















Regarding the influence of the internal flow velocity, and based on several numerical 
runs, it was found that increasing the internal flow velocity has a minor effect on the 
dynamics of the system in lateral and axial directions. Therefore, the internal flow 
velocity effect on the natural frequencies of the system is almost negligible. 
 
    7.3.5 Influence of the annulus spacing 
 
              Figures (7.18-7.21) show the transient response of the system for the axial and 
lateral vibrations when the outer cylinder diameter is considered at the two values of 0.08 
and 0.03 m. The natural frequencies and damping coefficients for the lateral and axial 
vibrations at various outer pipe diameters are listed in table 7.7. Based on the obtained 
results, the following remarks are made: 
• The annulus spacing has a dominant softening effect on the lateral natural 
frequencies of the system. As the annular spacing decreased, a noticeable drop in 
the natural frequency occurred. It was found that, for the annular space of 1 mm, 
the natural frequency is lowered by a percentage of 45.1 % compared to the case 
when the annular spacing is 10 mm. This finding is considered justifiable since 












Ma  .  Accordingly, if the annular space decreases, the above 
ratio increases and leads to build up the added mass of the external fluid. 
Following the same philosophy, the natural frequency is increasing as the annular 
spacing is widening as displayed when the outer pipe diameter equals to 0.08 m. 
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• The annular spacing has a minor effect on the axial natural frequency of the 
system. It was found that axial natural frequency of the system at annular spacing 
of 1 mm is higher by a percentage of 3.24 % compared to the case in which the 
annulus spacing equals 26 mm. This minor effect is expected since the added 
mass is not a function of the linear coefficients of the equation of motion in the 
axial direction (i.e. equation 6.11), but it is associated with some nonlinear 
coefficients that have small impact on the dynamics of the system. One should 
recognize that such small variation of the axial natural frequency cannot be picked 

































Figure 7.18: (a) Transient response of the dimensionless lateral 
deflection at the 1st mode of vibration for Dch=0.08 m.  
















Figure 7.19: (a) Transient response of the dimensionless axial 
deflection at the 1st mode of vibration for Dch=0.08 m. 
















Figure 7.20: (a) Transient response of the dimensionless lateral 
deflection at the 1st mode of vibration for Dch=0.03 m.  



















Figure 7.21: (a) Transient response of the dimensionless axial 
deflection at the 1st mode of vibration for Dch=0.03 m. 


















Table 7.7: Lateral and axial natural frequencies and damping coefficients of  
a double pipe heat exchanger at various outer pipe diameters.  
 
Diameter of 

















0.03 0.00067 23.07 0 3204.23 
0.048 0.00067 42.03 0 3311.12 























    7.3.6 Effect of the material damping 
 
            In the previous analysis, it was assumed that the Kelvin Voigt coefficient is zero, 
which implies a negligible damping of the tube material. Our task here is to investigate 
the effect of the material damping on the system response and the natural frequencies. 
Figures (7.22-7.23) show the response of the system described in subsection 7.3.2 at the 
1st mode of vibration but this time when the material damping is considered and the 
Kelvin Voigt coefficient is assigned to be 0.0001. The obtained findings can be 
summarized as follow: 
• The lateral natural frequency was found to be 42.2 rad/sec while the axial natural 
frequency is 3268.08 rad/sec. This means that the lateral natural frequency is 
higher by 0.4 % while the axial natural frequency is lower by 1.3 % compared to 
the similar system with negligible material damping.  Based on the above, we can 
conclude that the material damping has very minor effect on the system natural 
frequencies. Also one should note that such small deviations could not be 
displayed without performing the nonlinear analysis. 
• The damping coefficient in the axial direction was found to be 0.166 while it was 
zero in the absence of the material damping. The value of the damping coefficient 
in the lateral direction is 0.015 which is much higher than the case of non 
dissipative material. Accordingly, we can state that the material damping plays 
dominant role in suppressing the vibration in the axial direction while the effect is 










Figure 7.22: (a) Transient response of the dimensionless lateral 
deflection at the 1st mode of vibration for Kelvin Voigt coefficient of 0.0001. 
















Figure 7.23: (a) Transient response of the dimensionless axial 
deflection at the 1st mode of vibration for Kelvin Voigt coefficient of 0.0001. 










7.3.7 Influence of the friction coefficients 
 
In order to investigate the effect of the friction coefficients on the dynamic behavior of 
the system, a computer run has been performed for the values of Cf=Ct=Cn=0.04. Figures 
(7.24-7.25) show the response of the system described in subsection 7.3.2 at the 1st mode 
of vibration, but this time new values of friction coefficients are assigned. By referring to 
the figures 7.24 and 7.25, the following remarks have been established:  
• The lateral natural frequency is found to be 41.6 rad/sec, which means that the 
lateral natural frequency is less by 1.05 % compared to the similar system with 
friction coefficients of 0.0125.  Accordingly, we can conclude that as the friction 
coefficient is higher the lateral natural frequency will slightly decrease. On the 
other hand, it was found that the effect of the friction coefficients have negligible 
influence on the axial natural frequency of the system.  
• The damping factor in the lateral direction was found to be 0.002 while it was 
0.00067 when lower friction coefficients were used. The value of the damping 
factor in the axial direction remains the same, this is reasonable as the friction 
coefficients didn’t appear in equation (6.14).  Accordingly, we can state that the 













Figure 7.24: (a) Transient response of the dimensionless lateral 
deflection at the 1st mode of vibration at Ct=Cf=CN=0.04. 














Figure 7.25: (a) Transient response of the dimensionless axial 
vibration at the 1st mode of vibration at Ct=Cf=CN=0.04. 











    7.3.8 Comparison between linear and nonlinear responses 
 
             The main objective of this subsection is to verify the importance of the 
nonlinear formulation in studying the dynamic behavior of a double pipe system. Figures 
(7.26-7.28) show the time response for the system described in subsection 7.3.2 for both 
linear and nonlinear formulations. Based on the obtained results, the advantages of 
nonlinear formulation over the linear one are summarized as follow: 
• To predict accurate natural frequencies of the system by considering the coupling 
between axial and lateral directions and including the quadratic and cubic 
nonlinearities of the system. It was found that the axial responses for both linear 
and nonlinear formulation are almost the same for the first three modes of 
vibration as shown in figures (7.26-7.28). This behavior can be explained by 
noting that the coefficients of the nonlinear terms that appeared in the axial 
equation of motion (i.e. equation 6.11) attain low values while the axial-lateral 
coupling and cubic nonlinear terms are absent. By referring to the same figures, it 
was shown that lateral response obtained from nonlinear analysis has noticeable 
deviation if it is compared to the linear formulation. The main terms leading to 
this difference are the axial-lateral coupling, quadratic and cubic nonlinearities.  
Although the percentage of change between the lateral natural frequencies 
obtained via linear and nonlinear formulations were found to be less than 0.33 % 
for all modes of vibration, but such deviation can be considered important when 
the system is operating near the critical excitation frequencies. In this case, we 
can conclude that linear formulation is a sufficient qualitative tool to predict the 
general behavior of the system. 
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• To estimate accurate amplitudes of vibration. In this analysis, it is observed that 
the amplitudes of vibration obtained from linear and nonlinear formulations have 
almost the same values. This is considered reasonable in the light of small 
deflections. However, if the system is allowed to assume large deflections, the 
terms of the quadratic and cubic nonlinearities will be amplified accordingly. 
Thus, such nonlinear formulation is very important to predict accurate amplitudes 
in the case of large deflections. 
• Some phenomena could not be picked out without the nonlinear formulation, such 
as the beating phenomena shown in figure 7.7 (c), while the linear damping 
































Figure 7.26: (a) Comparison between linear and nonlinear lateral 
responses for the 1st mode of vibration (b) Comparison between linear and 
















Figure 7.27: (a) Comparison between linear and nonlinear lateral 
responses for the 2nd mode of vibration (b) Comparison between linear and 




















 Figure 7.28: (a) Comparison between linear and nonlinear 
lateral responses for the 3rd   mode of vibration (b) Comparison between 








7.4 Flow Induced Vibration of a Rotating Drillstring. 
 
      This case study represents a system inspired by drilling applications. The system 
consists of a cantilevered hollow rotating pipe conveying circulation fluid, which flows 
downwards through the bit, and then upwards through the borehole to the surface, as 
illustrated schematically in figure 3.6. The flow rate of the drilling fluid inside the drill 
pipe is assumed to be 9.533 kg/sec. The density of the internal fluid ρf,i and the density of 
the fluid in the annulus ρf,o are assigned with different values, as in drilling operations the 
internal fluid represents the circulation mud while the annular flow represents the mud 
together with the cutting debris, which is expected to have higher density. 
 
    7.4.1 System parameters 
               In order to investigate the dynamic behavior of a drill pipe, realistic values of 
the system parameters are assigned, which are similar to the actual practical values used 
in oil drilling. Table 7.8 shows the selected design parameters of the system. Table 7.9 
shows the values of the corresponding dimensionless quantities which have been 
calculated based on their definitions provided in chapter 5. On the other hand, one should 
recognize that the dimensionless time equals 1.85 x 10
-4
 times the actual time. Also the 
tension and internal pressurization are set to be zero. 
 
7.4.2 Transient responses of the system 
 
             By following the same procedure described in section 7.2, the coefficients of the 
equations of motion (6.96-6.98) have been resolved. Tables 7.10 and 7.11 show the 
values of such coefficients for the first three modes of vibration. 
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1000 m Length of the drill pipe, L 
0.111 m Outside diameter of the drill pipe, Do 
0.008 m Thickness of the elastic tube 
0.139 m Diameter of the borehole , Dch 
2.1 x 1011 N/m2 Young's modulus of  the elastic tube, E 
76.92 x 109 N/m2 Modulus of rigidity, G 
20.321  kg/m Mass of the drill pipe  per unit length, m 
6.238  kg/m 
Mass of the drilling fluid inside the drill pipe per 
unit length, M 
880 kg/m3 Density of the internal drilling mud, ρf, i 
1050 kg/m3 Density of the external drilling mud, ρf, o 
1.528 m/s 
Velocity of the drilling fluid inside the  
drill pipe, Ui 
0.0125 Friction coefficient in normal direction, CN 
0.0125 Friction coefficient in tangential direction, CT 
0.0125 The form-drag coefficient,  CDP 
0.0125 Base drag coefficient,  Cb 
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Table 7.9: Dimensionless parameters of a rotating drill pipe.  
 
 
Value Dimensionless parameters 
4.5556 Added mass, χ 
0.1699 Mass of the internal fluid, βi, 1 
8.3415 x 10-10 
Diameteral mass moment of inertia of  
the pipe and drilling fluid , βi, 2 
1.4767 x 10-9 Polar mass moment  of inertia of the pipe, βi, 3 
1.9164 x 10-10 Polar mass moment  of inertia of the fluid, βi, 4 
0.2767 Mass ratio of the external fluid, βo,2 
3.4044 Velocity of the internal flow, ui, 2 
5.4197 Velocity of the external flow, uo, 2 
0.5772 Flexural elasticity , βm, 1 
0.4228 Flexural rigidity, βm, 2 
9.0090 x 103 Slenderness ratio, Ε  
4.0000 Hydraulic coefficient, h  
2.0734 x 105 Weight of the pipe and internal fluid, γ1 
7.9324 x 104 Weight of the external fluid,   γ2 
0.0159 Friction coefficient in normal direction, cN 
0.0159 Friction coefficient in tangential direction, cT 
0.0159 The form-drag coefficient, cd 
0.0159 The form-drag coefficient, cb 
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Based on the tabulated values, the following observations are made: 




, which are associated with the 
cubic nonlinearity q3 and r3, respectively, as given by equations (6.96) and (6.97). 
These terms emerged from the potential energy expression, represented by 
elasticity of the drilling pipe and the gravitational force due to the weight of the 
pipe and fluid, in addition to the influence of the external hydrodynamic forces on 




 which are associated with qr2   
and rq2as shown by equations (6.96) and (6.97). These terms represent the elastic 
and hydrodynamic coupling between lateral deflections in the X-Y and X-Z planes. 
This observation reveals the importance of considering nonlinear formulation, 
since these terms play dominant role in determining the dynamic behavior of the 
system when the drill pipe is subjected to large deformation. 
 The nonlinear terms associated with the gyroscopic effects and lateral-torsional 
















 which appear in equations 
(6.96) and (6.97) are found to have small values, and therefore a weak influence 
on the dynamic behavior of the current system. It is important to note that the 
unsymmetrical gyroscopic forces in X-Y and X-Z planes were the main reason 
behind 3-dimensional formulation. From another point of view, such gyroscopic 
effects and lateral-torsional coupling cannot be appreciated in a linear 










































Coefficient 1st mode 2nd mode 3rd mode 
M3v 0.2949 1.8849 1.9457 
C3v 26.6267 146.6750 191.3385 
K3v 1.3653 x 104 2.2142 x 105 5.9326 x 105 
G3v 1.1533 x 10-4 2.2349 x 10-4 6.1058 x 10-5 
G4v 0.1637 0.3173 0.0867 
H5v -186.9685 -2.8246 x 104 597.8553 
H6v 16.3421 807.6646 880.7293 
H7v 6.6604 432.9056 0.2218 
H8v 1.4420 23.6379 24.6208 
I8v 9.2707 x 103 1.3514 x 107 -4.3454 x 105 
I9v 0 0 0 
I10v -0.0595 196.5096 -10.0020 
I11v 8.4092 3.4783 x 103 3.0096 x 104 
I12v 0.1778 258.5100 -9.9995 
I13v -0.0353 539.0960 -17.4826 
I14v -0.0366 -0.1986 -0.1557 
L6v 1.3528 x 104 1.9598 x 107 -2.9777 x 105 
L7v 12.6883 9.0154 x 103 2.9985 x 104 
L8v -0.3297 265.9202 -355.7846 
L9v -0.0244 -1.0460 -1.0860 





Table 7.11: Coefficients of the torsional and lateral equations  

































Coefficient 1st mode 2nd mode 3rd mode 
M3w 0.2949 1.8849 1.9457 
C3w 26.6267 146.6750 191.3385 
K3w 1.3653 x 104 2.2142 x 105 5.9326 x 105 
G4w 1.1533e-004 2.2349e-004 6.1058e-005 
G5w -2.4427 x 10-9 -2.0229 x 10-8 6.8628 x 10-9 
G6w -2.6845 x 10-9 -2.0697 x 10-8 6.7348 x 10-9 
H5w -186.9685 -2.8246e+004 597.8553 
H6w 16.3421 807.6646 880.7293 
H7w 6.6604 432.9056 0.2218 
H8w 1.4420 23.6379 24.6208 
I10w 9.2707 x 103 1.3514 x 107 -4.3454 x 105 
I11w 0 0 0 
I12w -2.4262 x 10-9 -9.2572 x 10-7 -8.9549 x 10-6 
I13w -0.0595 196.5096 -10.0020 
I14w 8.4092 3.4783 x 103 3.0096 x 104 
I15w 0.1778 258.5100 -9.9995 
I16w -0.0353 539.0960 -17.4826 
I17w -0.0366 -0.1986 -0.1557 
I18w 1.835 x 10-10 -2.5366 x 10-9 -5.8134 x 10-10 
L6w 1.3528 x 104 1.9598 x 107 -2.9777 x 105 
L7w 12.6883 9.0154 x 103 2.9985 x 104 
L8w -0.3297 265.9202 -355.7846 
L9w -0.0244 -1.0460 -1.0860 
L10w 0.1778 258.5100 -9.9995 
M3φ 7.3833 x 10-10 7.3833 x 10-10 7.3833 x 10-10 
K3φ 0.5216 4.6948 13.0412 
T5φ 7.1997x 10-13 -7.1997x 10-13 7.1997x 10-13 
T6φ 3.5999x 10-13 -3.5999x 10-13 3.5999x 10-13 
T7φ 4.8904 x 10-10 -1.6711 x 10-8 -4.6767 x 10-9 
T8φ 4.8904 x 10-10 -1.6711 x 10-8 -4.6767 x 10-9 
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After evaluating the coefficients of the equations of motion, the system of governing 
equations is solved using ODE45 solver, and upon applying the following actual 
(physical) initial conditions at the free end of the pipe such that:       
( ) ( ) ( ) ( ) ( ) ( ) 1.0,02.0,368.0,002.0,368.0,002.0 ====== tttwtwtvtv ϕϕ &&& . 
The corresponding dimensionless initial conditions are calculated based on their 
definitions presented in Chapter 5, while they were found to be: 
 ( ) ( ) ( ) ( ) ( ) ( ) 500,02.0,2,000002.0,2,000002.0 *2*2*2*2*2*2 ====== tgtgtrtrtqtq &&& .  
Figures 7.29 -7.38 show the transient responses of the system for the first three modes of 
vibration in addition to the corresponding phase plane plots. The natural frequencies in 
the torsional and lateral directions (i.e. X-Y and X-Z planes) were calculated and their 
values listed in table 7.12. 
By referring to figures 7.29-7.38 and table 7.4, the following observations are made: 
• The drill pipe system has a considerable amount of damping in the lateral 
direction with damping ratio equals 0.21; which shows that the hydrodynamic 
forces play dominant role in suppressing the vibrations of the drill pipe during 
operation. The corresponding phase plane plots behave as stable spiral node and 
return back to the equilibrium position rapidly. On the other hand, and upon 
investigating the torsional vibration responses, it was found that the system has 
negligible amount of damping; this behavior is reasonable since the linear 
damping term is absent in equation (6.98), and such a little amount of damping is 
associated with some nonlinear terms. The phase plane plots corresponding to the 
torsional vibration are found to be center type. 
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• The phase portraits show that the system is stable for both lateral and torsional 
vibrations at the selected operating conditions. 
• The torsional natural frequencies attain high values compared to the lateral ones. 
The transient response of torsional vibrations appear like a noise at higher modes 
of vibration, as expected. Accordingly, one may consider that lateral vibrations 
are the dominant ones.  
• Upon investigating figure 7.38, it was observed that lateral vibrations in X-Y plane 
and X-Z plane have a small deviation from each other due to the gyroscopic 
effects. It was noted that such a deviation becomes negligible at high modes of 
vibration. This phenomenon can be explained by considering that the values of 
the nonlinear coefficients associated with gyroscopic motion are small in which,  
at higher modes of vibration, they appear negligible when compared to those high 
values of the nonlinear coefficients associated with cubic lateral nonlinearity. On 
the other hand, such gyroscopic effects cause slight difference between the lateral 






















 Figure 7.29: (a) Transient response of the dimensionless lateral 






















 Figure 7.30: (a) Transient response of the dimensionless lateral 























 Figure 7.31: (a) Transient response of the dimensionless 



















Figure 7.32: (a) Transient response of the dimensionless lateral 






















 Figure 7.33: (a) Transient response of the dimensionless lateral 




















Figure 7.34: (a) Transient response of the dimensionless torsional 


















 Figure 7.35: (a) Transient response of the dimensionless lateral 






















Figure 7.36: (a) Transient response of the dimensionless lateral 






















Figure 7.37: (a) Transient response of the dimensionless torsional 














Figure 7.38: (a) Comparison between transient responses of the 
dimensionless lateral vibration in X-Y and X-Z planes at the 1st mode of 
vibration. (b) Comparison between transient responses of the dimensionless 








Table 7.12: Lateral and torsional natural frequencies of a rotating drill pipe.  
No. of 
Mode 
Natural frequency of 
lateral vibration in  
X-Y plane 
 (rad/s) 
Natural frequency of 
lateral vibration in  
X-Z plane 
 (rad/s) 
Natural frequency of 
torsional vibration   
 (rad/s) 
1st Mode 0.0391 0.0389 4.888 
2nd mode 0.0632 0.0631 14.800 


























    7.4.3 Influences of the internal and external flows                
                In order to investigate the effects of internal and external fluids on the transient 
response of the drill pipe, the simulation was performed for the case in which both 
internal and external fluids are absent. Figures 7.39-7.41 show the transient responses for 
both torsional and lateral vibration of the dry drill pipe at the first mode of vibration. In 
order to demonstrate the effect of the internal fluid separately, it is assumed that the pipe 
is conveying fluid with no fluid in the annulus region. One should note that such model 
cannot describe the drilling operation but it will be useful for the comparison purposes. 
Figures 7.42-7.44 show the transient responses for both torsional and lateral vibration of 
the system at the first mode of vibration when the external flow is discarded.  
     Another simulation was performed to study the effect of the external flow while the 
internal flow is absent. Again, it should be noted that the current system cannot describe 
the dynamics of the drill pipe, but it is carried out just for comparison purposes. In order 
to establish the required comparison study, the external flow velocity is assumed to be 
1.91 m/s which equal the velocity of the external flow for the model discussed in 
subsection 7.4.3. Figures 7.45-7.47 show the transient responses and phase plane plots for 
both torsional and lateral vibrations of the system at the first mode of vibration when the 
internal flow is ignored. 
    Table 7.13 shows the lateral and torsional natural frequencies of the drill pipe at 
several flow patterns described above. In table 7.13, the natural frequencies of each flow 
pattern are compared to those natural frequencies associated with the dry system. One 
should recognize that the dimensionless time depends on the existence of the internal and 







 Figure 7.39: (a) Transient response of the dimensionless lateral 
deflection in X-Y plane at the 1st mode of vibration for the fluid-free drill 






















Figure 7.40: (a) Transient response of the dimensionless lateral 
deflection in X-Z plane at the 1st mode of vibration for the free of fluid drill 

















Figure 7.41: (a) Transient response of the dimensionless tosional 
vibration at the 1st mode of vibration for the free of fluid drill pipe. (b) 
Corresponding phase plane plot. (c) Transient response in a short time scale. 





Figure 7.42: (a) Transient response of the dimensionless lateral 
deflection in X-Y plane at the 1st mode of vibration for the pipe system 












Figure 7.43: (a) Transient response of the dimensionless lateral 
deflection in X-Z plane at the 1st mode of vibration for the pipe system 












Figure 7.44: (a) Transient response of the dimensionless torsional 
vibration at the 1st mode of vibration for the pipe system conveying fluid and 










Figure 7.45: (a) Transient response of the dimensionless lateral 
deflection in X-Y plane at the 1st mode of vibration for the pipe system under 
the influence of external flow and free of internal fluid. 











Figure 7.46: (a) Transient response of the dimensionless lateral 
deflection in X-Z plane at the 1st mode of vibration for the pipe system under 
the influence of external flow and free of internal fluid. 











Figure 7.47: (a) Transient response of the dimensionless torsional 
vibration at the 1st mode of vibration for the pipe system under the influence 
of external flow and free of internal fluid. 










Table 7.13: Lateral and torsional natural frequencies of rotating drill pipe at 
various flow patterns. 
 
Lateral vibrations in X-
Y and X-Z planes 
Torsional vibrations Model 
description 











( % ) 
1st mode 0.08411 --- 6.726 --- 
2nd  mode 0.1352 --- 19.829 --- 
Fluid-free 
(dry) 
system 3rd  mode 0.2149 --- 33.0489 --- 
1st mode 0.073 -13.2 5.0284 -25.2 
2nd  mode 0.112 -17.2 14.75 -25.6 
Internal flow 
only 
3rd  mode 0.175 -18.6 24.59 -25.6 
1st mode 0.032 -61.95 4.851 -27.88 
2nd  mode 0.052 -61.54 14.745 -25.64 
External flow 
only 
3rd  mode 0.0765 -64.42 24.576 -25.64 
1st mode 0.0391 -53.1 4.888 27.33- 
2nd  mode 0.0632 -53.25 14.800 -25.36 
Both internal 
and external 
flows 3rd  mode 0.1024 -52.35 24.579 -25.63 
 
 
* The tabulated percentage represents the percentage of change of the natural frequencies 










 Referring to figures 7.39-7.47 and table 7.13, the influences of the internal and external 
fluids can be summarized as follow: 
 
• Influence of the internal flow 
The internal flow has a minor effect in damping the drill pipe in the lateral direction, as 
shown by figures 7.42 and 7.43. The corresponding phase plots are for a stable center. 
Similar behavior was observed in the transient response of the torsional vibrations, as 
shown in figure 7.44. It was found that the internal flow has high influence in lowering 
(softening effect) the lateral and torsional natural frequencies of the system as shown in 
table 7.13. This finding can be interpreted by recognizing the dominant role of the 
internal flow in adding the inertia term of the system. By comparing the current case with 
the dry model, it was found that the lateral natural frequencies decreased by a percentage 
of  13.2 % up to 18.6 % for the first three modes of vibration. Also the internal flow has 
strong influence on the natural frequency of the torsional vibration as it is lowered up to 
25.6 % compared to the dry system. These results reveal the importance of considering 
the internal flow in modeling the drill pipe, and show that neglecting the influence of the 
internal flow will lead to appreciable error in determining the natural frequencies of the 
system.  
• Influence of the external flow. 
The external flow has a dominant influence in suppressing the lateral vibration of the drill 
pipe, as shown in figures 7.45 and 7.46. The damping ratio is found to be 0.28. It was 
found that the external flow has dominant role in lowering the lateral natural frequencies 
of the system as shown in table 7.13. By comparing this case with the dry model, we 
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found that natural frequencies decreased by a percentage of 61.5 % up to 64.4 % for the 
first three modes of vibration. This finding can be interpreted by recognizing the effect of 
the added mass in increasing the inertia term of the system in the lateral direction. Also 
from table 7.13, we can observe that the external flow has stronger influence in lowering 
the natural frequency if it is compared with the effect of the internal flow. Now, we can 
conclude that the external flow should be taken into account in modeling the drill pipe 
and may not be neglected in most operating conditions. 
• Influence of both external and internal flows. 
The dual effect of the internal and external flows together is responsible for lowering 
the lateral natural frequencies of the system up to 53.35 %. This seems reasonable as 
each of the flows (i.e. either internal or external flows) has its own contribution in 
lowering the natural frequency of the system. It was observed that the lateral natural 
frequency of the pipe under the influence of the external flow, and free of internal 
flow is lower than the natural frequency of the pipe conveying fluid and subjected to 
external flow by 8-12 %. This phenomenon can be explained by considering that the 
internal flow has its own contribution in adding flexibility to the system, which 
means that the system without internal flow is considered stiffer, and leads to 
decrease in the lateral natural frequency of the system. 
 
    7.4.4 Influences of the flow velocity  
                     Figures (7.48 -7.52) show the transient response of the system for torsional 
and lateral vibrations at internal flow velocities of 5 and 10 m/s. It should be considered 
that both internal and external velocities are dependant on the drill pipe model, whereas  
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such dependence based on the ratio of the cross sectional areas of the inner pipe and the 
outer cylinder. The natural frequencies and damping coefficients associated with lateral 
and torsional vibration at various external flow velocities are listed in table 7.14. Based 
on the tabulated results, the following observations are made: 
• The external flow velocity has a considerable influence in lowering the lateral 
natural frequencies of the subject model with percentage of decrease reaches  11.8 
% between the lowest external velocity (i.e. Ui=1.528 m/s) and the case of  Ui=5 
m/s. Such behavior can be explained by noting that the hydrodynamic forces have 
proportional relation with the external flow velocity, and such hydrodynamic 
forces are responsible of decreasing the stiffness of the system as noticed from 
equation (6.101), and leads to reduce system’s natural frequency accordingly. 
Based on the model derivation, it is observed that the external flow velocity has 
direct impact on the natural frequencies of the system, while the internal flow 
velocity has very minor effect. On the other hand, the flow velocity has no effect 
on the torsional natural frequencies of the system as shown in figure 7.52 and 
table 7.14.   
• The flow velocity plays dominant role in increasing the damping of the system in 
the lateral direction. It was found that the damping coefficient at flow velocity of 
5 m/s is about four times the damping coefficient at the internal velocity of 1.528. 
This phenomenon can be displayed clearly by investigating the corresponding 
phase plots, which appear as stable nodes. 
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• The flow velocity is considered as important factor in achieving stability of the 
system. At high flow velocities the system is shifted to the unstable zone. Such 
behavior occurred at internal flow velocity equals 10 m/s, as shown in figure 
(7.51). This figure shows that the lateral vibration in X-Y and X-Z planes increase 
exponentially with time; hence the motion is unstable. The physical reason for 
this trend is that, at high flow velocities, the hydrodynamic forces attains large 
values, which tries to move the drill pipe away from its equilibrium position.  
Finally, we must note that the obtained findings are corresponding to the current 
inextensible rotating flexible pipe conveying fluid, which then flows upwards as annular 





















Figure 7.48: (a) Transient response of the dimensionless lateral 
deflection in X-Y plane at the 1st mode of vibration at Ui = 5 m/s.  















Figure 7.49: (a) Transient response of the dimensionless lateral 
deflection in X-Z plane at the 1st mode of vibration at Ui = 5 m/s.  















Figure 7.50: (a) Transient response of the dimensionless torsional 
vibration at the 1st mode of vibration at Ui = 5 m/s.  















Figure 7.51: (a) Transient response of the dimensionless lateral 














Figure 7.52: (a) Transient response of the dimensionless torsional 
vibration at the 1st mode of vibration at Ui = 10 m/s.  












Table 7.14: Lateral and torsional natural frequencies and damping ratios of 

























1.528 2.315  0.21 0.0391 4.888 
5 7.608  0.7912 0.0345 4.888 













    7.4.5 Influence of the annulus spacing 
 
              Figures (7.53 -7.56) show the transient response of the system for the lateral 
and torsional vibrations when the outer cylinder diameter is considered at the two values 
of 0.12 and 0.2 m. The natural frequencies and damping coefficients for the lateral and 
torsional vibrations at those outer pipe diameters are listed in table 7.15. Based on the 
obtained results, the following remarks are made: 
• The annulus spacing has dominant effect on the lateral natural frequencies of the 
system. As annular spacing decreases, a sharp drop in the natural frequency was 
observed. It was found that, for  the annular space of 4.5 mm, the natural 
frequency is lowered by a percentage of  47.8 % compared to the annulus spacing 
of 13.9 mm, and  59.8 % compared to the annulus spacing of 45 mm. This finding 
is considered justifiable since the added mass is a function of the annular spacing 












M  . Accordingly, as the annular space decreases, the 
above ratio increases and leads to increase the value of the added hydrodynamic 
mass of the external fluid accordingly. From another point of view, and by 
investigating equation (6.101), we can conclude that the value of stiffness is 
decreasing when the annular space is narrowing, which leads to a drop in the 
natural frequency of the system. 
• The annular spacing has minor effect on the torsional natural frequency of the 
system. It is found that the torsional natural frequency of the system at annulus 
spacing of 4.5 mm is less by 5 % when it is compared to the case of 45 mm 
annulus spacing. This relatively small effect is expected since as the annulus 
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space is narrowing, the mass moment of inertia of the system is decreasing 
slightly, which yields a slight increase in the torsional natural frequency. 
• By referring to figures 7.53 and 7.55, it was observed that the damping ratio in the 
lateral directions has inverse relation with the annulus spacing. This can be 
interpreted by examining equation (6.100), which shows that increasing the 
annulus spacing is responsible for minimizing the value of the linear damping of 





































Figure 7.53: (a) Transient response of the dimensionless lateral 
deflection in X-Y plane at the 1st mode of vibration at Dch=0.12 m.  


















Figure 7.54: (a) Transient response of the dimensionless torsional 
vibration at the 1st mode of vibration at Dch=0.12 m.  












Figure 7.55: (a) Transient response of the dimensionless lateral 
deflection in X-Y plane at the 1st mode of vibration at Dch=0.2 m.  

























Figure 7.56: (a) Transient response of the dimensionless torsional 
vibration at the 1st mode of vibration at Dch=0.2 m.  




















Table 7.15: Lateral and axial natural frequencies and damping ratios of the 
drill pipe system at various outer cylinder diameters.  
 
Diameter of 
the outer pipe  
(m) 
Damping 
coefficient in the 
lateral directions 












0.12 0.511 0.0204 4.753 
0.1388 0.21 0.0391 4.888 



























    7.4.6 Influence of the rotational speed 
 
                 This subsection is devoted to study the effect of the rotational speed on the 
natural frequencies of the system. In this subsection, the drill pipe is assumed to operate 
at constant speed. Accordingly, the inextensible drill pipe has only two degrees of 
freedom represented by lateral vibrations in X-Y and X-Z planes. Figures 7.57-7.65 show 
the transient response of both lateral vibrations in X-Y and X-Z planes, in addition to 
comparison plots between them. The natural frequencies and damping ratios at various 
rotational speeds are listed in table 7.16. Based on figures 7.57-7.65 and table 7.16, the 
following remarks are concluded: 
• The amplitudes of the lateral vibration in both X-Y and X-Z planes are increasing 
rapidly as the drill pipe rotates faster. By comparing figures 7.57 and 7.64, it was 
observed that the amplitude of vibrations at 1000 rpm is about 2.3 times the 
amplitudes of stationary pipe. This observation reveals the importance of 
considering the coupling between rotational speed and lateral deflections in 
estimating accurate amplitudes of the system. 
• By examining figures 7.59, 7.61 and 7.63, we observe that the amplitudes of the 
lateral vibrations in X-Y plane is higher than the corresponding ones in X-Z plane, 
while this deviation magnifies as the rotational speed increases. This trend is due 
to the unsymmetrical gyroscopic forces in X-Y and X-Z planes, where their 
magnitudes are proportional to the rotational speed. Figure 7.65 shows that both 
responses of the lateral vibration in X-Y and X-Z are identical for stationary pipe 
since gyroscopic forces are absent. Based on this analysis, we can state that 3-
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dimensional analysis is essential for predicting accurate response of the system at 
high rotational speeds. 
• The natural frequencies of lateral vibration in X-Y and X-Z planes are almost 
identical. The only difference is in their amplitudes as explained above. 
• The lateral natural frequency of the drill pipe is rising slightly as the rotational 
speed increases as shown in table 7.16. It was noticed that the lateral natural 
frequency of the pipe at 1000 rpm is higher by 2 % as compared to stationary 
pipe. This is due to the fact that increasing rotational speed is leading to stiff the 
drill pipe due to the frictional forces between the external fluid and the outer 
cylinder wall.  
• The damping ratio increases slightly by increasing the rotational speed of the drill 
pipe as shown in table 7.16. It was found that the damping ratio at 1000 rpm is 
higher by 2.1 % compared to the stationary pipe. The reason behind this 
phenomenon is that the frictional coefficient ft has proportional relation with the 
rotational speed as shown by equation (3.60), and this coefficient is responsible of 
























Figure 7.57: (a) Transient response of the dimensionless lateral 
vibration in X-Y plane for the 1st mode of vibration at Ω=1000 rpm.  

























Figure 7.58: (a) Transient response of the dimensionless lateral 
vibration in X-Z plane for the 1st mode of vibration at Ω=1000 rpm.  

























 Figure 7.59: Comparison between transient responses of the 
dimensionless lateral vibration in X-Y and X-Z planes for the 1st mode of 
























Figure 7.60: (a) Transient response of the dimensionless lateral 
vibration in X-Y plane for the 1st mode of vibration at Ω=500 rpm.  


























 Figure 7.61: Comparison between transient responses of the 
dimensionless lateral vibration in X-Y and X-Z planes the for 1st mode of 

























 Figure 7.62: (a) Transient response of the dimensionless lateral 
vibration in X-Y plane for the 1st mode of vibration at Ω=100 rpm.  



























 Figure 7.63: Comparison between transient responses of the 
dimensionless lateral vibration in X-Y and X-Z planes for the 1st mode of 























Figure 7.64: (a) Transient response of the dimensionless lateral 
vibration in X-Y plane for the 1st mode of vibration at Ω=0 rpm.  

























 Figure 7.65: Comparison between transient responses of the 
dimensionless lateral vibration in X-Y and X-Z planes for the 1st mode of 





















Table 7.16: Lateral natural frequencies and damping ratios of a rotating 





Natural frequency of 
lateral vibrations in  
X-Y and X-Z planes 
 (rad/s) 
Damping ratio 
1000 0.03984 0.21434 
500 0.03978 0.21212 
100 0.03947 0.21019  

























    7.4.7 Influence of the end conditions 
 
               The main objective of this subsection is to investigate the flow induced 
vibrations of the drill pipe with fixed-simply supported sliding ends, illustrated by figure 
4.8. In order to pick up the influence of the end conditions on the transient response of 
the drill pipe, a comparison is performed between the transient responses of cantilevered 
and simply supported configurations by utilizing the same system parameters presented 
in section 7.4.1.  
           Adopting the solution approach described in section 7.2, the coefficients of the 
equations of motion (304-307) were evaluated. It was found that the most weighing 
nonlinear terms are associated with quadratic and cubic nonlinearities. For brevity, the 
values of the coefficients of the equations of motion are not listed. After evaluating the 
coefficients of the equations of motion, the system of governing equations have been 
solved using ODE45 solver while the same dimensionless initial conditions presented in 
section 7.4.2 were applied to the mid span of the pipe while the dimensionless initial 
conditions in the axial direction are assumed to be as follow: 
( ) ( ) .0,000002.0 == tptp & Figures 7.66 -7.70 show the transient axial, lateral and torsional 
responses of the system for the first mode of vibration in addition to the corresponding 
phase plane plots. Other transient responses were generated for the second and third 
modes of vibration, but not shown here for the purpose of brevity. Referring to these 
figures, the natural frequencies were calculated  for the first three modes of vibrations 







Figure 7.66: (a) Transient response of the dimensionless axial 
vibration of the drill pipe at the 1st mode of vibration. (b) Corresponding 












Figure 7.67: (a) Transient response of the dimensionless lateral 
vibrations of the extensible drill pipe in X-Y plane at the 1st mode of 













Figure 7.68: (a) Transient response of the dimensionless lateral 
vibrations of the extensible drill pipe in X-Z plane at the 1st mode of 














 Figure 7.69: (a) Transient response of the dimensionless 
torsional vibrations of the extensible drill pipe at the 1st mode of vibration. 













Figure 7.70: Comparison between transient responses of the 
dimensionless lateral vibration in X-Y and X-Z planes of the extensible drill 













Table 7.17: Axial, lateral and torsional natural frequencies of  




Natural frequency of 
the axial vibrations  
(rad/s) 
Natural frequency of 
lateral vibrations in  
X-Y and X-Z planes 
 (rad/s) 
Natural frequency of 
torsional vibrations  
 (rad/s) 
1st Mode 6.894 0.0494 4.917 
2nd mode 21.489 0.1383 14.751 















Referring to figures 7.66-7.70, tables 7.12 and 7.17, the following observations are made: 
• By comparing the natural frequencies of the current model and the cantilevered 
configuration, it was found that the lateral natural frequencies of this system are 
higher than the corresponding ones for the cantilevered configuration by a 
percentage of 27 % at the 1st mode of vibration, while it reaches up to 154.7% at 
the third mode of vibration. This finding can be interpreted by noting that simply 
supported end provides much stiffness to the drill pipe rather than cantilevered 
end condition. Accordingly, we can conclude that cantilevered configuration is 
much flexible, and can accommodate the variation in the design condition much 
better than the simply supported. 
• The simply-supported drill pipe system has a considerable amount of damping in 
the lateral direction with damping ratio equals 0.175. In comparison with the 
cantilevered configuration, it is observed that the damping ratio for this model is 
less by 16.7 %. This fact implies that although both models exhibit stable spiral 
node, but the cantilevered configuration is much efficient in suppression the 
vibration of the drill pipe. This can be verified by considering the phase plane 
plots shown in figures 7.29 and 7.67, in which we note that the cantilevered drill 
pipe returns faster to its equilibrium point compared to simply-supported 
configuration.  
• By comparing figures 7.38 (a) and 7.70, it is observed that the gyroscopic forces 
have higher influence on the cantilevered pipe than simply supported 
configuration. 
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• The torsional natural frequencies of the both cantilevered and simply- supported 
models are approximately the same. This finding shows that torsional vibrations 
are the same for extensible and inextensible conditions. 
• Both axial and torsional natural frequencies attain high values compared to the 
lateral ones. Accordingly, one may consider that lateral vibrations are dominant in 
achieving the stability of the drill pipe for both extensible and inextensible 
conditions.  
Finally, and based on the above comparisons, we conclude that selecting the appropriate 
















7.5 Comparison with Pertinent Experimental Work in the Available 
Literature  
 
        In order to validate the developed mathematical model and the associated numerical 
scheme, a comparison between the obtained nonlinear formulation and available 
experimental work reported in the literature is undertaken. It is important to mention that 
most of the experimental studies performed in this field were restricted to the quiescent 
external fluid, while those studies which involve external axial flow are very few due to 
the complexity of generating such uniform axial flow experimentally. Accordingly, our 
results are compared to that experiment performed by Paidoussis et al. [16], which was 
concerned with the dynamics of a cantilevered cylinder subjected to external axial flow. 
The test-section was placed vertically, in a water tunnel, as shown diagrammatically in 
figure 7.71(a). In this experiment, flow straighteners, screens and a large flow-area 
reduction were utilized to ensure an axial, uniform flow stream in the test-section. Figure 
7.71 (b) shows a photograph of the test-section. The physical system parameters 
corresponding to this experiment are listed in table 7.18. The most appropriate dynamic 
model which may represent this system, is the case study presented in section 3.11.3 
associated with a cantilevered flexible pipe conveying fluid and subjected to external 
axial flow. The derived mathematical model has been modified to match this experiment, 
by assuming the absence of the internal flow and reversing the direction of the external 
flow.  On the other hand, since the system is symmetric in X-Y and X-Z planes due to the 
absence of rotation, one equation of motion in the lateral direction is found to be 
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Figure 7.71: (a) Diagrammatic view of part of the water tunnel used 
in Paidoussis et al. experiments [16]. (b) Photograph of a vertical test-
section, with a flexible cantilevered cylinder mounted in it, [16]. 
 



















0.520 m Length of elastic tube, L 
0.0254 m Outside diameter of the elastomer pipe, Do 
0.203 m  Diameter of the outer cylinder, Dch 
2.883 x 106 N/m2 Young's modulus of  the elastic tube, E 
0.577  kg/m Mass of the tube per unit length, m 
998 kg/m3 Density of the water, ρf, o 
1.34 m/s Velocity of external flow, Uo 
0.0125 Friction coefficient in normal direction, CN 
0.0125 Friction coefficient in tangential direction, CT 
0.0125 The form-drag coefficient, CDP 
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Adopting the solution approach described in section 7.2, the dimensionless coefficients of 
the governing equation of motion in the lateral direction were evaluated. It is important to 
recognize that the dimensionless time equals 0.8625 times the actual time.  
     After evaluating the coefficients of the lateral equation of motion, the governing 
equation of motion is solved using ODE45 solver, and upon applying the following actual 
(physical) initial conditions at 2028.0=s  measured from the fixed end of the pipe such 
that:  ( ) ( ) 0,05.0 == tvtv & . The corresponding dimensionless initial conditions are 
calculated based on their definitions presented in Chapter 5, while their values were 
found to be: ( ) ( ) 0,0962.0 ** == tqtq & . 
    Figures 7.72 -7.74 show the numerically generated transient responses of the lateral 
vibrations of the system for the first three modes of vibration in addition to the 
corresponding phase plane plots. Referring to these figures, the natural frequencies were 
calculated for the first three modes of vibrations, where their values are listed in table 
7.18. Figure 7.75 shows the power spectral density (PSD) of the lateral vibrations 
resulted from the experimental work performed by Paidoussis et al. [16]. The numerically 
generated lateral natural frequencies were compared with the corresponding experimental 
values resulted from the PSD as shown in table 7.18. Based on the obtained results, it was 
found that the developed mathematical model and the associated numerical algorithm are 
able to estimate the lateral natural frequencies of this system by a percentage of error of 5 
% for the first four modes of vibration. These results assure that the developed 
mathematical model and the associated numerical scheme are considered reliable and 







Figure 7.72: (a) Transient response of the dimensionless lateral 
vibrations of the cantilevered test-section at the 1st mode of vibration. (b) 















Figure 7.73: (a) Transient response of the dimensionless lateral 
vibrations of the cantilevered test-section at the 2nd mode of vibration. (b) 



















Figure 7.74: (a) Transient response of the dimensionless lateral 
vibrations of the cantilevered test-section at the 3rd mode of vibration. (b) 

























Figure 7.75: Power spectral density (PSD) of vibrations at s=0.2028 














Table 7.19: Comparison between the calculated lateral natural frequencies 
of the cantilevered test-section and the corresponding ones estimated 





Calculated value of the 
lateral natural frequency 
based on the developed 
scheme 
 (Hz) 
Experimental value of 
the lateral natural 
frequency estimated by 




1st Mode 0.57 0.6 5 
2nd mode 3.03 2.9 4.5 
3rd mode 8.41 8.0 5.1  















     Based on the work conducted in this dissertation, starting from problem identification, 
followed by detailed derivation of the governing equations of motion and ending by 
performing numerical simulations of some selected case studies, the following 
conclusions and recommendations are stated:  
 
8.1 Conclusions 
1. The Lagrangian approach together with the variational technique are considered 
as powerful tools to formulate the nonlinear governing equations of motion that 
describe the dynamics of both rotating and non rotating slender flexible pipe 
conveying fluid and subjected to external axial flow. This formulation is 
applicable to both extensible and inextensible conditions associated with different 
end conditions. 
2.   The obtained formulation is considerably comprehensive and found reliable to  
describe the dynamics of the following systems: 
• Extensible non rotating flexible pipe conveying fluid and subjected to 
external axial flow. 
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• Inextensible rotating flexible pipe conveying fluid and subjected to 
external axial flow. 
• Inextensible rotating flexible pipe conveying fluid downwards, which then 
flows upwards as a confined flow. 
• Extensible rotating flexible pipe conveying fluid and subjected to external 
axial flow. 
• Extensible rotating flexible pipe conveying fluid downwards, which then 
flows upwards as a confined flow. 
The derived models were employed to investigate the dynamics of selected 
engineering applications, represented by the vibrations of tube in a double pipe 
heat exchanger, and the flow induced vibrations of rotating drillstring. 
2. A comprehensive analytical and numerical study of the dynamics of an extensible 
non rotating flexible pipe conveying fluid and subjected to external axial flow was 
performed. The governing equations of motion showed that the most dominant 
nonlinear terms of the equation of motion in the lateral direction, are associated 
with the coupling between axial and lateral deflection in addition to the cubic 
nonlinearity.  The most dominant coefficients of the equation of motion in the 
axial direction are associated with the quadratic nonlinearity due to the elasticity 
of the pipe and induced hydrodynamic forces. 
3. Based on the numerical simulation results of the extensible non rotating flexible 
pipe conveying fluid and subjected to external axial flow, which may represent  
the vibrations of a tube in a double pipe heat exchanger , the following  findings 
were noted: 
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• The internal flow has high influence in softening the lateral and axial 
natural frequencies of the system for the first three modes of vibration by a 
percentage of 17.8 % to 19.4%, compared to the fluid-free model.  
• The external flow plays a dominant role in softening the lateral natural 
frequency of the system for all modes of vibration by a percentage ranges 
from 29 % to 31.7 %, compared to the fluid-free model. 
• The external flow velocity has a minor effect in lowering the lateral 
natural frequencies, but it has high influence in increasing damping of the 
system in the lateral direction.  
• As the annular spacing decreased, a noticeable drop in the lateral natural 
frequency was observed. This finding is considered justifiable since the 
added mass of the external fluid has inverse relation with the annular 
spacing. On the other side, annular spacing has very limited effect on the 
axial vibration of the system. 
• The friction coefficient has a dominant influence in increasing the 
damping in the lateral direction, while its effect on the axial vibration is 
negligible. 
4. The derived mathematical model was extended to simulate the flow induced 
vibration of rotating drillstring under the inextensibility condition. In this case, the 
governing equations of motion showed that the most dominant nonlinear terms of 
the lateral equations of motion in X-Y and X-Z planes are associated with the cubic 
nonlinearity. These terms emerged from the potential energy expression, 
represented by elasticity of the drill pipe and the gravitational force due to the 
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weight of the pipe and fluid, in addition to the influence of the external 
hydrodynamic forces on the drill pipe. 
5. The three-dimensional analysis was found necessary for predicting the accurate 
vibration behavior of a rotating flexible pipe conveying fluid and subjected to 
external axial flow, particularly at high rotational speeds. This behavior was due 
to the non symmetric gyroscopic forces in X-Y and X-Z planes. 
6. The numerical simulation of the dynamics of an inextensible rotating flexible pipe 
conveying fluid, which then flows upwards axially in the annular region, (which 
may represent the vibrations of rotating drillstring), revealed the following 
observations: 
• The internal flow has a significant role in softening the lateral and 
torsional natural frequencies of the system. It was found that the external 
flow is responsible of lowering the lateral natural frequencies for the first 
three modes of vibration by a percentage of 13.2 % up to 18.6 % 
compared to the dry model, while the torsional natural frequency 
decreased by a percentage of 25.6 %, as compared to the dry model.  
• The external flow has a dominant role in lowering the lateral natural 
frequencies up to 64.4 %, compared to the dry model. 
•  The flow velocity has significant influence in increasing the damping of 
the drill pipe in the lateral direction. It was found that the damping 
coefficient at flow velocity of 5 m/s is nearly four times the damping 
coefficient at the internal velocity of 1.528 m/s. It was also found that the 
external flow velocity is the primary cause of such a behavior, while the 
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internal flow has a minor effect in damping the drill pipe in the lateral 
direction. 
• The annular spacing has a dominant effect on the lateral natural 
frequencies of the system. As the annular spacing decreased, a noticeable 
drop in the natural frequency was observed. It was found that when the 
annular space reached 4.5 mm, the natural frequency was lowered by a 
percentage of  47.8 % compared to the annular spacing of 13.9 mm, and  
by 59.8 % when compared to annulus spacing of 45 mm. On the other 
hand, the annular spacing has minor effect on the torsional natural 
frequency of the system. 
• The lateral natural frequency of the drill pipe experiences slight increase 
(stiffening effect) at high rotational speeds. It was noticed that the lateral 
natural frequency of the pipe at 1000 rpm is higher by 2 % compared to 
the stationary pipe. Also, as the drill pipe rotated faster the amplitudes of 
the lateral vibration in both X-Y and X-Z planes increased. 
7. The derived mathematical model was extended to simulate the flow induced 
vibrations of a rotating drillstring, by assuming fixed-simply supported sliding 
ends and ignoring the inextensibility condition. This study showed that the lateral 
natural frequencies of this system are higher than the corresponding ones for the 
cantilevered configuration by a percentage of 27 % at the 1st mode of vibration, 
and it reached up to 154.7% at the third mode of vibration. Also it was found that 
the damping ratio for this model is less by 16.7 % compared to the cantilevered 
one, which implies that a cantilevered configuration is much efficient in 
 385
suppressing the vibration of the drill pipe. This comparison reveals the importance 
of selecting the appropriate end conditions for achieving reliable and accurate 
model of the drill pipe system.  
8. The nonlinear formulation of the rotating and stationary flexible pipes conveying 
fluid and subjected to external flow was found useful in predicting accurate 
natural frequencies and amplitudes by considering all types of inertia and elastic 
coupling between axial, lateral and torsional deflections. The nonlinear analysis 
becomes essential when the pipe is subjected to large deflections. 
9. The developed mathematical model and associated numerical scheme have been 
validated by establishing a comparison with the available experimental work 
reported in the literature. Based on the comparison performed between the 
generated lateral natural frequencies resulted from the numerical simulation and 
the corresponding values estimated experimentally by Paidoussis et al. [16], 
concerning the dynamics of a cantilevered cylinder subjected to external axial 
flow, it was found that the developed mathematical model and the associated 
numerical algorithm are capable of estimating the lateral natural frequencies of 
this system with an approximate percentage of error of 5 % for the first three 
modes of vibration. These results assure that the developed mathematical model 
and the associated numerical scheme are considered reliable and sufficiently 
accurate to describe the actual behavior of the nonlinear dynamics of such  fluid-




8.2 Recommendations for Future Work 
1. Performing experimental investigations of the rotating pipe conveying fluid and 
subjected to external flow in order to validate the current mathematical model. 
2. The single assumed mode Lagrangian method was used to discretize the 
governing nonlinear equations of motion, while multiple assumed modes solution 
is recommended to obtain more accurate nonlinear differential equations. 
3. The current comprehensive nonlinear formulation and the associated numerical 
solution algorithm are found able to estimate the natural frequencies and 
amplitudes of the vibrations of various fluid-structure interaction systems, which 
involve several flow schemes, various system parameters and end conditions. 
Accordingly, and in light of the limited available commercial FE packages 
associated with the fluid-structure interaction applications, particularly under the 
influence of rotation, it is recommended to develop a comprehensive computer 
package with friendly user interface, which can estimate the vibrations of similar 
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